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PREFACE. 




In this fmall Trcatife on Mathematical Analyds, the moft general Prbp4- 
fitions ONLY are giveB;'aqd in the Notes at the -bottom, t)f the pages, are 
pointed out the principal authors to be confulted by ftudents. The wliole to 
page 129, was printed in 1777 j but owing to the Author's bad health, &c. 
it Wfisnot pntil 1783* that the &ine with the addition of the quarter (heet 
from page 129 to page 133 (which fhould have come in after Propofjtion 
VIL), was ufed here as.a f ext Book. As now publifhed, the Definitions 
formerly omitted, s^re placed properly before the Axioms } and in the 
yoTEi; Cpncluding die Analyfis, from' page 133 to, page 148, are giten de- 
monllrations offeveral propofitions, and corredions of fevcral errata in the 
text ; all other e^ata of consequence, being pointed out in the table follow-* 
iDg this preface, . ^ , 

Several Corollaries to Propofitions XV. XVII. having been oAiiited by 
^ifta^^ in the printing, the reader is referred to die truly learned and judi*. 
^ous^r" Baron Maferes DifTertation on the Negative Sign, where the re- 
flu Aidn of quadratic ^and* cubic equations, &c. is given at great length, and 
in the moll perfpicuqu^ god fcientiSc manne^f 

t The fccond torollary (54} of Propofition XXI. being imperfe(5l as 
fRiWTED, may be correAed in manner following, viz. In ever v affect- 

m 

ED EQUATION, THE CQEPFICUNTS OF THE INT^^M EXPIATE .TERMS BF- 

• • • • - 

.TWEEJ* THP FIRST AND LAST,. COMPREHEND ALWAYS divifors fimple Or 

compound of the lad term, iii the component parts of their Turns and dif^ 
ferences^ , ^ 

The ri^e of intereft (115), as now. given (207), is general for all rates 
»ER CENT. PER ANNUM. And the Tulc of intereft (2.10), is general alfo 
for all rates PER cent., per aknum, perfe^ly accurate, and more fimpU 
and eafy in^ apppJicatioiT, than any rule hitherto given. 

The prefent Treatife is an abridgment of part of a comprehenfive Syflen^ 
of the Elements of ifathema^cal Analyfis, common and fluxionary, no\«r 
almoft finifhed. 

With regard tb the Sign of Inequality, here intr©di>c?d, the difcrimif 
nating letters r, /, (hovii have been in.a fmaller chara£ler, and placed abov9 
the angular point of the fign ; or more space fhould have been taken by 
the prmter, to prevent any ambiguity when the fymbols fcUgwkig g^e r, 4^ 
or any powers of the fame. dA • O • 


Ais'ALYSts. ?agcii,Iinei*peaxi/tri^X'^y ;._ 

i?age i6. Art. 17, iine« 3^ 4, rtdd/M-r-'izxsBCx-^-J, ay ^iex=tJ. • 
— 269 before Art, 50, add» Schqli^m llL-^hiocSr^^^j dele nvberi'ttii^ 
fome power cf the number 2.— ^Lines 5, 7, read binomial. 
— -27, Note* J line 1, read Wilfebfordus. 

28; Aru 329 line 3, reads;^ is vaoting.f-^^Axt. 54/. line 31 for 1^^ 

read — . . * : ' 

39 . . . ' ' 

25, line 4» conneft the cubic radicals with ^. 

32, Art. 39, Ex. 2, 4, makeiirft term se^. 

34, Ex. 2| line 6, at, the eo^* a^d^ f» wA(?i5f hnmhiy^* • '- 

42, A.rt. 48, lines 13., 14, infert laft values of.v^^., .via;. 8, 12.. 

44j Ex. 3, lines i, 2, read Q== — 19 25^ +3«==3'6/ gives 2 B==J^ 
(47).-— Ex. 5, line I, read 13252^— Ex. -6, line j, j-eid v^rs^.'^^-^xl 
7, line 3, read iy/ — f. ^ . : . 

47, Art. 52, at the end, add, wi/A tiesrAgns chan^td. 

49, Art. 56, line 6, before the colon, add, taHtng in the ta/l quotient,--^ 
Art. 57, Ex. 2 j line 3, read roots 3; 5,-i-i5.^-i-E3tf. 3, 4Uie j, rtad 106*. ^ 
-^ 50, An. 58,.E3j:. 2 ^ line a, read 3, 5,7--*$; and liqe9> read— 3y*-7ic(5* 
— Jlx. 3, lines i, 3, read iQ6».-^Art. 61,, lipe 5, reivd x+a==¥^ or 

52, Art..6j, lines 7, 8, read. x +px ' ^.&c:^and^!frZ=--y. * 

75, line I, jvefix 85,. Corol. Y. and conedl the AF*^clel<Iumber«,t.o 

page 81. 

92, Gafe HI. in values 'oft/, v, for 2s •{•J, read '2/+^^/. ' 

j* Cafe Vll. in value of x, read ^I^.-^Care, VUl.. in values of 


93' .^ 


vjt^'^^c. 


ay Tti read — </ X 2j— i^, and for v=r&c. read j +t» ' 

III. Note J. Sec Abbot'de Molieres in his Mathehaatical 'Lcflbnsy 
V London, T730. 

1x8. Cafe VI. in value of r, ^de i— ^, and4n yalp^ pf /, to |hp.fi^- 

tion add *o — . Cafe VIIL rea^ ^jp?=npiir*wf Xr«.^i f andbqoce corre^a 
the value of «. 

1.20, lit, lines 5, 16, readfwX-r— .— Ai:t* 13O4 line ij read «;A<?Zf 

numbers. ^ .•...: 

— 123, Art* 141, lines 6, 7, for 2"^^ read l" • * 


I X ' 

131, Art. 157, line i, read Qj tj==^-^ : — ^ 

• ' • . . ■ «j » 

i^TotES. - Page 132, Art. 1 68,- laft line, dele X. before 

Page 136, line 20, for Hyp. read Since. .: .• 

138, Art. 187, line 2, read the roots ; and line 3, read term. 

»^>VNOPsis. Page 4, line laft but one, read ratio c : 7. 
Page 13, Prop. D. Corol. line laft, for greater lels, read equally lefs* 
21, line 15, on the left, read Prop. X. 


( s ) 


AXIOMS; 


A X I O M I. 
Evety quantity is equs4 to itfclf. , 

AXIOM n. 

The remainder of a quantity fubtradec) from hfell^ 0| 
From an equal quantity, is nothing. 

AXIOM III, 

Any whole is equal to all its parts, 

AXIOM IV. 

A quantity expreded one way, is equal to itfelf ex« 

prefled any other way. 

AXIOM V, 

Quantities which are equal to one and the (ame 
quanuty, or to equal quantities, are themlelves equal« 

AXIOM VI^ 

Eqmmultiples of the fame, or of equal quandtiei, jtt*e 
themfelvcs equal. 

AXIOM VH 

If equal quantities be added to equal quamitief, the 
films will be equal. 

AXIOM 


C 6 ^) 

AXIOM VIH; 

If equal quantities be fubtraAed from equal quantities^, 
the remainders will be eqijgl. , . , 

A X I O M IX, 

If equal quantities be multiplied by equal quantities^ 
the produSs will l?c equaU \ 

A X I O M X. 

If equal quantities be div^d^d by equal quantities, the 
quotients will be equaL - ^^' ' '- 

A X I G M XI. 

If equal quantities be equally involved or evolved^ 

the^^owers or roofew^iiUKe 5dq4aL: . 
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MATHEMATICAL ANALYSIS. 


Section I. The Algorithm cf ^uaniiiy. 

t. + Plus. The fign of addition. A+B, fum of A and ti. 

-^ Minus. — fubtraftion. A — B, is B (ubtrafled from A* 

X Multiplication. A x B or A B, the produd of A by 6* 

*5- Divtfion* A-*- B-, or — , the quotient pf A divided by B» 

B 

t!i: Equality. Thus A=:B| an equation. 

: /{tffio. Thus A : B, denotes the ratio of A to B. 


A+B +C — ^D. The liim of the compound quantities A+B 
and C— D. 


A+B — C— D. The difference. 


A+B X C— D. The produa- 


A+B-^C— D 

^ A -f B V The quotient 
Or, ^ 

C— D 

Involution, or continual Multiplication. Raifing of l^oWers* 
Pnwera7 A, AA,AAA,AAAA,AAAAA, ire. 

^^^•3 A, A», A^ AS AS 6c. 


powers of 


'} 


Ast=B. 5 A=i=Bi A=t=S, A=t=B, A=^, d^^ 

Evolutiftti ' 


i MATHEMATICAL 

Evolution^ or oontinual divlfion. £xtra£Hon ot Roots. 

VA, ^t/A, *i/At 'VA, ire. w, 
Roots of A. f , , , , 

AS At» A^ a*, ifc. 


4, .1 ^A=tB, ^A=±=B, |/A=i=B, dr. 

Roots of (^ Or, 



i. The ufe tf the Vinculuih, in exprejjing thefums^ differencei^ 
freduSls% and quotients of compound quantities. 

» , 

Sappofe Ar±i2, Brr$, C^zzo^ and D=i5, 
iA+B + C-^Drac 12+5 + 20— 15=317+5 = 22. 
A— B + G— D = ilS^+ zo— 15 =r 7+5ssi2» 
t+D — A+B = 20+15— 12+5 = 35— I7=i». 


C+D — A+B= 20+15 — 12+5=40— 123= 28- 


C+D — A— B=r2o+i5-*-i2-— 5 = 35- 7 = 28. 


C+D -^ A— B = 20+15— 12-^5 =± 35—17 == i8- 

A+iJ X C=± 12+5x20=^17x20=2340* 
A+B xCi=: 12+5x20=2211+1^0=2112; ■ 


A+BxC-*-D =12+5 X :?o— -iisr^^xsctSs* 
A4"B X C — D= 12+5 X 20 — 15=540—15=325. 
CT-D + A— B= 20+15-?- 12—5 = 35-^7 = 5. 

A— B 12 — 5 7 


C+D + B+A= 20+15-5-5+12 = r: «= ? 

' •' 17 


17- 


C+D-f-B+A = 2o+is-^-5+i2 = V+i2=:i9; 

iVbf^ This (ign cc denotes tmivtrfidly the difference of any 
two quantWcst 

Propositioic 


ANALYSIS. ^ 

Proposition I- 
•3, The fiira of ally number of quantities is exprijjed^ by con* 
heaing quanrities with their proper figns, and uniting fuch as 
can be united. But, in the additiotl of ratios, the produft of the 
antecedents gives the antecedent of the fum, and that of the con* 
fequentSi the confequent of the fum* 

* 

_ £x. u 

12a q r* ix 

8^4 — a A* — 4^*^ +3 »*** — «+ -r-+ ^—+ — 

a c 

•••"'■ ■ . 

Ex. 2. 


4 a* . I b c ' " 3 - ^ 

3^1^ y^-^^J^-^rl^Vab^x^ — Va'b + ^^ 

a , ^ . a a 


■ . 6a* ^ Ibc, 

isrrB"4- cTd = a C : B D. 


— • a , c 


sjf. 4. 


A:B+ B:C{=AB:BC)=A:a 

ProfositioM II. 
4. Subtraction in general takes place by conneflring the quanti- 
ties together, sis in addition, fuppoGng the figns of the %btrahend 
changed. ButV in the fubtraftion of ratios, the terms oi the fub- 
trahendi or ablative ratioi mull be inverted. 

B . . Ex. 


to MATHEMATICA l 


Ex. U 

Itab — 6vjr*^— i2a*** +111 — « -♦• Z -|-_-4*_ 

b a c c 

fa 4c* ^ a* 

4a* — 2tf*r — 5tf*A*+iii 4» — -+ -^ 

b a c 




\ 


Ex.i. 


Il4»i+ — +5 / — +9/a* — x» + - +- 

b* '^ a d 


c . 


10 a* I b d "r * ■ ■ 1 ' — tf 


A:B — C:D( = A:B + D:C)i=AD:Ba 

Ex. 4. 


A'.B— 5:C( = A:B + C:B)=f AC;B*. 

Proposition III. 
5. Multiplication connefts the products of the feftors with the 
figns + or — according as thefatlors have fifce of unlike figns ; 
every term of the multiplier being drawn into each term of the 
multiplicand fucceffively. 


ExA. a+b X a+b=a^+2ab+b*. Ex.2.a+b x a — ^*=s«*— A*. 

a+b a+b 

d + b ' d-^b 

a^+ab - a*+ab 

ab + b* ^ab—b* 


<j*+2ai + «* ii' — b\ 

Ex. 


ANALYSIS. . u 


T* 


' Ex. 5. *|^« X "V* = "Va*. '^ 

iSiX*6. la-^'Xb +2C X 2^ — 44 + 5^=2 

6a* ^^ i<tf A -♦' igac + 84*'— iJJ^?+ iQC* 
3^ — 2* + ic 

I I I.I — . . - II. ..11 ^ ^ 

6a*-^4ab + j^ac 

— izab +8**— Sir 


64*-^ idtfA + ipac + Si* — 5i8A^ + IOC*. 

ffx. 7. 
Let m reprefent any number, then m x A : B = A : £ ' 

6. Corollary. Powers of the fame quantity may be n^ultipfied 
by adding the exponents oiF the fadiors^ 

Thus: a*" X tf« = d«+», 

Proposition IV, 

7. In divifion, the quotient quantity is «letermined by comparing 
the dividend ^strith the divifor, expunging all quantities that are 
common efficients in both, and making the refult affirmative or 
negative, according as the figns of the divifor and dividend are 
like or unlike. Qr, the quotient is univerfally that quantityi 
which, multiplied into the divifor, produces the dividend. 

a -f- *) a* +»aA + A» (a +* = a» + 2a« i|- i* 


ab +*» 
ab + b\ 

gX. 2. 4— i) a*—** ((Z + 435 — ^, 

a^ ,^ ab 


ab — b^ 


B a Sxi 


n 


iZ MATHEMATICAt 

* 

"-a c a d ad „ a a 

b d i c iic h be 

Ex.4. ^V(^b^n.V(^^ {^- Ll\ ^')^^Va. 

Ex. 0. 

ja— 2*+j^)6tf* — i6<j^4-i9fl/:+83*— i8fc-|-ioc*(2a^— 4J+5C 

—12^3+15^1^4*83* — i8ic 
— I2fl3 +83*— 83c 


I5«c -T-Jo3c + 10 c^ 

i^ac — lobc +10C* 


J?r. 7. Let « reprefent any number, then A : B -r- » =3 
A^ : B» = «1/A : "l/B- 

8. Corollary. Powers of the fame quantity may be 4ivi(}pd by 
fubtra£^ing the exponent of the divifor from tnat of the dividend. 

Thus : a''* -r- a» = a"*^". 

Proposition V. 

9. Involution in general takes place^ by multiplying the exr 
ponent of the quantity to h^ iiivolved by that of the povB^er rcr 
quired. (5, 6.) 

Thus : F^" or fl^ raifed to the n'* power, is a'""^ 

The involving of compound quantities will appear from the 

following ^able : 

» " ■ . t 

,«n t ^ a z±zb 

% 
adtzb = ^*=±=2 ab + b* 

az±zb^—a^z±:2a* b + 3^3* =5=3' 

f2=t3 = fl^=±r4d:3 3 + 6d» 3*=±=4d3' +3* 

adi=b = ^5-i3j^4^ 4. loa^ If* zizio a* b^ +^ab*z±zb^^ 

itc. <bc> 

10. Corollary. Hence, fuppofing m to rpprefent the exr 


~ »» 


ponent of any power, then the terms.of ^=±=3 , without their 
f:oefEcients, will be as in the following ferics, viz. 

And 


ANALYSIS. 13 

And as for the cocfficiepts, tbcy will always be dctcrnuncd from 
^is general produdi, viz. 

* 

m — I tn — 2 m — 3 m — 4 


i^w;^: 


? ifc. 


2 3 4 5 

wbere, for the coefficient of any term, we muft take the produQ: 
pf as inany factors* 

Propositi OX VI. 
II. Evolution in general takes place, by dividing the exponent 
pf the quantity to be eyolved by that qi the root required, (7^ 8). 

__ 2 !! 

Thus: "V amzzza^i and "^s/'^^y = a =±= i^' 


Hence, and from the laft proportion, may be derived the 
following rule for the evolution of compound quantities : 

^Having found thp firft term of the root by this propofition, fub-» 
traft its proper power from the quantity given to be evolved, and 
bring down the fecond term for a dividend ; involve the root to 
the next inferior power to that given, and multiply this power by 
the exponent of the given power for a divifor j annex the quotient 
to the root, and involve the whole to the given power for a fub* 
trahend ; to the remainder bring down the term next to thefe af- 
fected by this fubtra£tion for a new dividend j find the divifor as 
before, and proceed in thi^ manner until all the terms of the 
quantity given to be evolved, are exhauiled. 

In applying this rule to numbers, let the numbers be diftinguifhed 
into periods, by pointing according to the exponent of the powers* 
and to obtain tl^e ({ecimal places in the root, to every ren^ainder 
adjoin as many ciphers as the exppnent contains units. 

Square Root. 
Ex. I. a* +zab+b*{a+t 


a* 


2 X a =12 a) 2ab{h 

— — — — » 


Ex.2, a* +2ab + b*r-'2ac — 2ic +c* {a + i^^c 


i *»* 


a X 4f = 2 ^) 2aif{i 
a + b=a*+2ab + b* 

2 xaz:z2^)^^2ac( — .^ 

■ ft 

«+^ — C ^ a* + 2ah ^b^^2 ac — 2bc^c^ 

Cube 


t^ MATHEMATICAI, 

Cube Root. 

EXf 3. il» — 34**+3^^>r-*'(i? — * 


3 x«*z=3a*) — sa*^(— ^ 

I ■ ■ I I p J ! I ■ 11 ■ ■ I 1 1 ■ ^. 

Surfolid Root. 
Ex, 4. a»— 54*^+ iM*^* — loa^t^ +jab^ — B' {a — ft 




^^"^—■■•w 


£x. 5. 156.25 (u»5. jF^. 6. 13312053 (237 
I Square Hoot. 8 Cube {Ipotf 

X X 2 = 2) s (^ a x 3 =: 12) 53 ( J 

—a 

12 = 144 


12X2 = 24) I22(ff 


12,5 z;:? 156.25 


— s 

23 5= 12167 


?3X3=i587)n45©(7 
W7 = 133^053 


— -^ m 

Ex. J. 4^37532416(2^4 

16 Fourth Hootf 

4x4 = 32) 325 (< ^ 

^ x4=:70304) 287772 (4 

4857532416 


12. Corollary. Since a::*:;^ = /i* dfc 2 a I + I*, where 2 <i ^ 
the middle ter|ii, is twice the produft of the fquare roots of the 
two extremes, it is evident that any quantity having thefe pro- 
perties, will be a perfeft fquare, and therefore the fquare roots of 
the extreme terms connefted together with the fign of the middle 
term, wiU give the root required. • 


100 + 40 + 4 

100 + 10 " 

40+7' 
36+ 3+T^ 
16+ 6+Vt 


I 


Square 
Root. 


x^sr^a 


i 


10+2 = 12 

IO + T = IO ^ 

I 7 + i= 7i 


Proposition 


ANALYSIS. Ijf 

Proposition VII. 
13. When t^ii^ ratios are equal, the four terms are {did eo be 
proportional^ or to compofe an Anax-ogy : the two antecedent 
smd cobfeqaeifit terms are called homohgoits -quantities^ and thd 
terms of the fanierTatio» a/ia/cgvei/ quantities* And in any sma* 
logy, the produd of the extreme, terms is equal to that pf, tboi 
middle terms); and the analogous termS' combined any how by 
addition and fubtradlion^ and ordered alike, are ^ways jpropor- 
tional or analogous. 

TSuppofe tTie Ratio A : B =rC : D 5 flien At) zzsBC* 
And, 

The Ratib UllBiB^SBiDf ^•«^'^°- ' 
The Ratio JacoB :B =C c/^D:!)] ^^^^^°- 

fA:A+B= CrC+'b-) 
*rhe ilrtie \^ f r^A f Copverfion. , 

iB:A+B=D:C+I>S 

TheRatioA + B:Acr:B = C + D:Cco!* ]i«ixtim. 

•14. CofoL 1'. In any analogy the four terma may be taken te^ 
•iprocally; and this interchanging of the antecedents and- confe- 
quents, is called Inversion : Alfo, wheii the terms are all (f 
the fame ktndy the antecedents and confequents may be compared 
together; ^ndthis is<:aljed Alterkatio^n or Permutation. 

Thusi - . 

SuppofetheRatHd ArB-^Cr-n^ • . . 

Then the Ratio, A iC'=5:B^Di, Akefnatioa; V, 

And \hz- matio, B : A ±r D : C, %erfi0n. 
^Moreover, the feriiis of any one of tlic equal fatids^ arid the ftrms 
or differences of the homologous x^rms^ are alWays analoerous or 
proportional. Thus : • . 

Suppofe the Ratio A : B,= C : D ; 
. Then the Ratio, A : B = A + C : B +p^ Syllepfis ; 
And the Ratio, A : B » 4 c« C rB cc D, fDialepBa, 
15. Corol. 2. lit any ferfes of equal ratios, one antecedent has 
the fame ratio to its confequent, as the fum of all the antecedehf* 
10 the fum of-aU.the confcqaants. 

Suppofe the Ratio A :B = C : D = E :Ft=G: H, eSrr. 

Then the Ratio A ;B = A + C + E + Gi-, (ir<r,:B + D + 
F+H+, istc, 

4:6. Corol. 


*- ^7V. * 


i6 MATHEMATICAL 

ft 
« .1 ■ • « 

1 6* Corol. }; Slnce^ when any four quantities are analdgoud 
or proportionali the produ£l: of the ettreme ternls is always equal 
to that of the middle terms (13), therefore any equation may be 
converted into an analogy^ by taking the kStors which compofe 
one fide, and making them the two extremes^ arid the factors 
nrhich compofe the other fide of the equation^ and making them 
the two means* 

Thus: Suppbfe A x D = B x C ; 

Then, the Ratio A:B = C :D^ or D:C=iifiiA. 

The Ratio A: C = B : D, or D : B = C : A. 

ThcRatioB:A = r):C, dr C:D = A:Bi 

r 

Alio, if It is fi ±2 VA^i or B* = A C ; then 
The Ratio A:B=B: C 

TheRatioB:A=cC: Bi 

And the Ratio C : B == B : A; 

For the Algorithm of quantity, fee Sir Kaac Newton's Arlthmc* 
tica Univerfsdis, s* Gravefande*s Algebra, Maclaurin's Algebra^ 
and Simpfon'S Algebra. And for the do£trine of ratios, fee 
Book V. of Euclid's Elements, and Saund^rfon's Algebrai or the 
Abridgement of the fame. 


Section II. Tte ReduSion of Equations. 

17, A fimple equation is that which involves either one variable 
fluantity, or a fingle power of one variable quantity combined anj 
how with given quantities 5 As the equations ax — btzitx+^i 
and af^'^hc'zzgi And thofe equations are called compound^ J 
which involve more than one variable quantity together with 
given quantities; fiich arc thefe equations, x + j^ ^= <i, arid 
x=ibyi 

18. An.affefked equation is that wliich involves different 
powers of the fame variable quantity combined any how with given * 
quantities, and is denominated according to the higheft power of 
the variable qauntity. Thus, thefe equations arc called quadra" 
tics, viz. 

Cafe I. x^ -^-px^rg. Cafe H. x^-^^p^^rg. Cafe III. 
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■N>. 

llie following are termed Cubicsy viz» 

^ X — x' = r, (ircr. &c. 
The following Biquadratics, WZk 

p X, &c. — X* = /, dr. eSrc. 

And fo on always according to the higheft power of the variable 
^antity. 

pRof»osirioN VIIL 

19. Any term of an equation may be tran/po/hd from One fide 
to the other> by changing its fign, (Ax. VII, VIII.) 

i?x* I. Suppofe 4 X == 30 + 3 X 5 then (4 x — 3 x =) x=:30t 

^x. 2. Suppofe X it irstf J then x =:: j =;± *. 

Ex. 3. Suppofe ax + *=2<i+xj then x ac ^ — ^, 

P^ROPOSITJON IX. 

20. Any fimple equation, that does not invoke fra£Uonal 
quantities, may be reduced by tfanfpofing all the given quantities 
to one fide (19), and then dividing all the terms by the coefficient 
of the unknown quantity, (Ax. X.) 

Ex. !• Suppofe 3x + aoc=:44 5 then 3X = 24 (19) and 
x= — = 8. 


Ex. 2. Suppofe tf X-— i±rr x + rf j then {ax — ex =:) a — c 
xxz=:6 +t/(i9,) and x= • 

Ex. 3. Suppofe 2ac +ah — axu^z^ac + zax — ^ab — dx. 

Ex. 4. Suppofe 2ax + ^ab — ^hdt=ztab — ^ax +ybd--^ 
ac — dx* 

l^ROPOSITION X» 

21. Anv fimple equation, involving fra£lional quantities, may 
be leJuced, by multiplying all iheterms by each denominator fuc- 
ccffiv.'ly (4x* IX.) Or, by bringing each fide of the equation to 

C Ji complete 
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n compleat fraftion, reducing tliefe frailions to a common derio- 
iiVinatdr, aiid then caftingofF the cbmniari denominator, (Ax; IX.) 

Ex, I. Suppofe - + 4 = ICF; then ^nultiplyiog all tlte t^Ti^ms 

•• • 5 
hy 5, we hare jc + 20 = 50^. and therefore « (= 50 '— 20) = 30 

Or, 

3C 3f 20 CO 

iSince ~ -j- 4 =: ic, therefore --h — = — , and x=:30, as 
S 5 5 5 

before. 

Ex. 2. Euppofe - + =x — 7; theti oiultiplying all thA 

S3 

terms by 5, we hzv^ x + -r — = 5 x — 35, and therefore all the 

3 
terms of .thi« Equation being multiplied-^ by 3> it is 3 x + 5.5c = 

105 
15 k- — 105, or, 7 X = 105 (19), and therefore x =r = 15 


Or, 


Since - 4- -- = ;f — 7> therefore reducing all the terms to a 
S3 

3.Y + 5X 15 X lOJ ,, 

commoa denominator, = -:-^ -— ^, Xftaca , gives 

15 IS 

5.'= i5j as before, 

Ex. 3. Suppofe + 4 = 


3 .V 5 y 
J^x. 4. Suppofe 56 ='48 — . 


4 


.CM ex 

Ex. 5. Suppofe — - = — ■-. 

ex a c ^ad 

Ex.6. Suppofe --. = x — 


2a 2b 3c 


Xm 


2 a A* .r 5 ^ ^* 6cd^ 
£.v. 7. Suppofe _^+ -^ = -~ - 3 

Propositick 
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3?poposition: XI* 

22. A fimple equation, invalving-^ny jjibwer or root of an un- 
known quantity, coqibined any how with given quantities, may be 
reduoedj-by ijriugiiig the power or radical quantity to pp§afs one 
fide of the equation..^(?/i? ( 19), and then^ evolving, or involving, < 
accorcin^ to the exponent of the po>ver or radical quantity, 
(Ax. JLL)' ' - - • 

Ex. I. Suppofe x» = 144 ; then .r= 1/144 = 12. 

Ex. 2. Suppofe — «^= — iS= ^i then x* =z 36, (21, 19), 

3 4 

and therefore x= 1/36 =r 6. 

Ex. 3. Suppofe — p-— ^ 8 = 12; tlien x 3S 5. 


— — i 


Ex. 4. Suppofe ax* .+ bczzz J. . r 
£'jc 5. Suppofe tfx"* — Bc=:cd + d:cK 


Ex\ 6. .Suppofe 1/4 X '+' 16 =12; then by involution 4X + 16 
= 144(6-), and -therefore x = 32 (tpi ti). V. :. •: :.;./. 

"^l/c X - 

£jc. 7. Suppofe 1 + 12 = 17 i thfifi ,v ?= 45. 


JE.v. 8. Suppofe Va +x = i + v'x*; 

2 rt * 


-i> 


^.v. 9. Suppofe X + Yd* 4- x* rz 


y^':^^-^e^ ' o'jri..i/. 


£x. 10. Suppofe y x^ — a} tzzx — r. 

Troposi'tion Xir." ' . ' 

23. Compound equations may be ccdticpd. by tal^ng vaincs of 
tKe \/jin^ "untnown quaritity from differ jnt equations, and 1 net t 
equating tbefe values, (Ax. V.) ^1" eqUafion \viil arifu; involv- 
ing only one unknown quantity, fopppilnvj^ tWs weie cqivatioii* 
givcnJor.^jf/^ unknown quantity. ^ 

Or, 

Cpmp'ound equations may br reduced by deriving values of t!i* 
fame unknown quantity fiom /smt* gf the equationij and fubflimr- 

C 2 irtg 
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ine tbefe values, inftead of the quantities themfelves^ in all the 
other equationSf {Ax- FV.) 

Ex. !• 

suppofc > [ j^ i^y^'-"^ 

(^x — y:z^dy .... x;;=:a'^y (^ 


Thus : yc=: , and therefore x ( i= x— jr 5=^ +d)=: 


• ^ 


Or, 
AT+jrzrx J'^J — X 

X'-nyzzd .,...^ — ^ — x=3id 

Whence x^ , as before. 

2 

rx+jFSrdt"^ xz=za — y rdt — )f=^— 70 

Suppofc <x + z^rzbC xizib — Z < 

(^y + z=zcj f '• . Cy +zzz:cm 

<: — a+b 

Thus : z S5 . 

2 

And therefore jf (= <J t-r ^ + ? ) = — ri — »— • 

2 

if(=: fl— jf)=3 — , , 

2 

Or, 

jc+_y = ii . . • . y—a — x 
x'^zzzzb .... zzzzb — X 


f + z=.c •••• <^' — x^^b — xz^c 

Whence 2x:=za-^e + b^ as before. 


»< 


Ex* 3. 
c r J* +v + i'==^ ....... j:=rl— jr — V 

Suppofc Sx+i+V = C • . , * = C-2--V. 


«>p. 


^+Z'+T= d ..•.•.• z:=zd — j^ — V 

t; — b+az=:d — yr^v . . . jf = rf— tf + ^— . at^ 

t2-r-)^ = c — V .jpsra — ^ + v 

■ ■ . ' I 

Thw 


J 
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Thus •••*••«•«• ;;=:: ■ 

3 

Whence y (=tf — tr + v) = 


3 

/ ^ .... a + c+d—2i 
3 (=tf — i + t;)=: . 

3 

* (rra — y ■— 2) = 


3 

Or, 

x-t-y + v^zb 
x + z + v=:c 
y +z + v:=r.d 




ix — y + vzinc . y^za'-^c +v 

y + a+2v — iz=:d 




3 v + 2a--^c — b:=zd, a$ before, 
Sx.4^ Suppofc S4x-syz^2 


Ex. 5* JSuppofe 


2 3 
4 S 


*x.6.Suppofe {:: + */=: 

Ttf jc + ^j^ + i?z=:w 
JTjf. 7. Suppofe <d^ + ey +fzz=i n 

Cgx+iy + kz = fs 

Proposition XIII. 

^4. In the rcduflion of compound equation*, £f the quantity 
to be exterminated is of different dimenfions in the difFerent c- 
quations^ then, from the equations in which it is fornid, others 

muft 
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muft be denved by -comparing and equating the different values 
of its higheft power, (Ax. V.) And vbea the higheft ftmcr is 
not the fame in two equations, one of the equations muft be 
multiplied by the quantity to be exterminated, or fome ppw^r of 
it, (Ax. IX.) 

Ex. I. 
Cx*—y^z=:d ...... x*=:d+y* 

Suppofe ^ , , >, 

T^, s^—d d 

Thus y= = is—i -. 

• •«... • - 

d 
And X ( = /— jr) = 4j + i -. 

s 

' ■ .' ^ 
'' ■/. Ex.'T."- ' ■ . • 

• • r • - I • * 


fiuppofe , 




• • • • • 


X* 


Thus: y= . = ia — 4 _, 

2a jg 




Ex. 3. 
x + zz=:a .......... 4x*=rtf* — 2d2+2* 

Suppofe -^ix 

X' 

a^-^b ^ ■ h 

Thus : z C= ) = 4 J — 4 ii. 

• » 

Whence ;f(=ia — -iz) = itf+^i;w 


And J. (= Yx'—z- ) = i / 10 *-,3a» 3f^ 

Proposition XIV. 

25. An compound equations n:ay he leduced by bringing the 

fame unknown quantities, in difierent equations, to have \^^ 

fame 


i 
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fame coefficients by multiplication or divifion ; and then adding 
and IV.btraiting thefe equations. This reduftion may alfo fome- 
times tnke place, by only multiplying or dividing fome of Ihc c- 
quations by a proper quantity^ (Ax. Vlli VIII, IX and X.) 

Cx + yz=: s 

Ex. I. Suppofe -} . 

j x -^^y = d 

s +d 

Then by Addition, 2 a: = x + 1/, and x = - 

Alfo by Subtraflion, 2 j^ = j — J, and y = 

^x +y + z=:26 

Ex. 2. Suppofe Jx — y = 4 

C ^ — z = 6 

Then by Addition, 3 jc =: 36, and x= 12 
Whence y =: 8, and z ri 6. 


2 
s — d 



x-^b 


C jc 4- )f=l2^ C^x + ^y=i 

Ex. ±. Suppofe -< ; t Then < 

c;^ + 3y=so3 t5x + sy = 


Then by Multiplication, /xx* = a 3*, or jc = *. 

2= (Jo 

Whence by Subtradion, 2y = la; thus: y=5> and jcizry. 

£r. 5. 

Suppofe 
Sx+8y=i24^ ^^ Ci5X+24>=3727 ^^^ f 10x4-16)^=248 

3x— 2y=: 2o5 C^S^ — io^'=ioo5" C24X — i6)r=i6o 

Whence by Subtraction, 34 j^ =: 272; and by Addition, 34 •*== 
408 : Thus : ^ = 8, and x =r 12, 


Ex. 6. Suppofe ^ , "*" ^ 
'^'^ (^2x + 5jf = 160. 


Sxb 
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v' 


Ex. 7. Suppofe ' 


2 4 

53 4 


234 

X y Z 
Ex. 8. Suppofe J - +- + - = 47 

3 4 S 
A 5 6 ^ 


Proposition XV. 

26. AfFcfted quadratic equations, (18) may be reduced, .by- 
adding, in the firft and fccond cafes, and fubtrafting in the third 
cafe, both fides of the equations to and from the fquare of half the 
coefficient of the term, involving the variable quantity itfclf, (12) ; ' 
and then extrading the fquare root on both fides. (Ax. XL) 


Cafe I. x*+px:=zrq ••.x=: — ip'^Vip^+rqzn 


—p+Vp*+4rf 


Cafe II. Jc* — px7=zrq . . . .'Jc=|^ + Vifp* +rj:= 


P^yp^-^^rq 


Cafe III. />x' — Jt'^rrry ... x::sz^z±iY^p^ — 


P^Vp^—^rq 


Ex. I. jc* +6^2=40 ...... jc =24. 

Ex. t. X* — X = 56 jc = 8 . 

Ex. 'i- 20 X — x^:=:g6 jc = i2, and 8* 

Ex. 4. ^x — x*=T x= li, and i, 

Ex, 5. Suppofe X* + ix=2 y. 
Ex. 6. Suppofe x^ — ix:=z2zi^ 
Ex. 7. Suppofe jc* + i x=r39. 
Ex. 8, Suppofe X* + lox =20. 
Ex. 9. Suppofe j:* + 6 jf =? ir. 
SX' 10. Suppofe jc* + TV ^ — Vt • 


•i 
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SCHOLIOM I. 

27. The third cafe of affedled quadratic equations, is faid to b^ 
Ambiguous, becaufe the root (x), admits of two different in* 
ierpretationSf viz. one lefs than ip^ and the other greater than 
ipi but leis than /• From the bquation, px-^x* ^zzrq^ it is 
evident, that x is lefs than p ^ fuppofe therefore x =z t />, then 
hj {ubftitutiony ip^zszrq^ and in every other cafe i/>', is 

freater than rqi Hence, then in complpling the fquare> both 
dear of the equation muft be fubtra&ed from ip*^ which gives 

ip* — p X + X* =si^* — r y, and therefore V^p* — p x +x^ 

^zViP^ — tq^ (Ax. XL); but the fquare root of ip* — px 
+ x*, rmjhtip — X, or, x — t/>(i2), and thus: xz=:,ipits 

VxP* — r jr, according to the proportion. 


28. Since the ^r^tf/^ magnitude of the quantity /> — x x x 
(sz^x— >x*) isi/S which arifes by fuppofing ^-^x = x, or^ 

xsei^ : Therefore, as ^— xxx may reprefent any product whofe 
increafe is limit edy the factors, p — x, and x, being parts of the 
lame quantity p^ it appears, that the greatefl magnitude of any 
fuch produ£i, may be determined, by fuppofing the favors equals 
and/ubjiituting in the product the value of the variable quantity 
derived from this equation. 

scHOLtuif n. 

29. Since the exponent of the fquare is always double that of 
the root (q), any equations falling under the following general 
forms, viz, x* ^ '=±ip x^ ^zrq^ and p x^. "^ x^^ ^r q^ 
may be reduced to quadratics by fubftitution. Thus : Let 
^STX*"} thenjp*=x-"' (9); and by Cafe I. and U. (26), ii^ 
the equation x* *" =±= / x *" =: r y, we have 

*— \/:d=i/>+ Vi/*+rsr= V — ^ ^ ^^ 

Alfo, in the equation ^x^ — x'wssry, by Cafe III. (26), we 
have 


-= Vi^i/iF=i^y = "Jp^yp'-^r^, ' 


Sx. I. Suppofe »7 X* — x*= 176} then x=4, and *= v'ti,' 

D 5«. 


L., 
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Ex. 2. Suppofe X* + 4 x' := 96 J then x := 2. 
Ex. 3. Suppo tx* — 1. X* .= 5751. ■ ■ 

Ex. 4. Suppofe x' — 14 x* = 16. 

39. In refolving the equations x* " :±:/»x* rsr j, ant 
^x" — x*"=:rjr, by redncing them to quadritlcs, the fd- 
loning rule, will, in many cafes, be afeful* iMwfltutftM^ 
AMmDriBHVanrilBHfli' Let R=±:t^Si7prefent a»y quadr^^tic 
Unomi^al, inrolring a radical quantity, vix. V S ; foppofe 

VR" — S = Q, and ^=l^ - =B% tHcfi wiU B =t |^B»— Qjff 

yS' — Qjt B be the fquare root of the propofed- binesi^ 

£x. I. Required tfae fl]uare root of 27 =l£ 1^704? Here Qe:5i 
5^4^ and thcrefoK 4=^1^11 the rootrequrred. 

Ex. t. Required the fquare root of'-^lity— S? Here 
<i=:3, B=:i, aad therefore i =fc: 1^-^ 2 th* rdOt rcqqired. 

Ex. 3. Required tbe fquare rootof 3=*s KM 

£x. 4' Required the fquare root of 6 =1=. K)« ? -• 

Proposition XVI. 
31. The root or roots of any afTe^ed quadratic equatioO) inaf 
be determined by means of a circle. 
Cafi^I. x' +^x = r7w 

CONSTKUCTIOH. 
Draw the right line A B- 
c^alto>, aad-at right 
^igles thereto, but on 
«ontniry fides, the two 
lines A E, B F, the 
fcirnfr being equal to r,. 
and the latter equal to q; 
join the points E F, and 
biled E F in G ; from 
the center G, with the 
radius G E, defcribe a 
circle meeting A E again 
inH, and cutting A B 
produced in M, N : Thus B N,' or A M, wiH cjpound x. " 
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This cafe is conftruf^ed as the former ; :ttte -valjie of x hcj^ 
Mb, orAK. 

CafcIII. /x — Jf^izzry. 

In this cafe rqis not greater than ip* (27.) 

Co«sTRUCTi<m-. - 

Draw the right Jine 
A B equal to py and per- 
pendicular thereto, and 
^n the fame fide the two 
lines A :E,' B F, the 
fermer being equal to r, 
ait^ the latter equal to 7; 
joia the pqj^ntfi ¥,^ F, 
and hife£i EF in. G-5 
from the center G with 
radiita Q £, drfcrilk a.. 
circle cutting A £ again 
in H; join thepoints H, F, 
and draw G K, parallel (^ p 

toHF, asalfoGL parallel to AE, and meeting AB in L': 
Then, if G L b^ equal to G E, the right line, A B, will touch 
the circle in L, (1^. e. 3O, and AL, or L B, will expound x: 
But if G L be not equal to G E^ it muft be lefe by the determina^ 
tiorit (snd 6. e. 2!), and of confequence the circle E H F, 
will interfe£t the line A B in two points, as M, N ; and the lines 
A N, AM, will be the values of **• 

. * Thefe condrudHons were €rft given hj Willebrodus Snellitrs, aiHl 
the reader may confolt Dr Simfoo's Notes upon book VI. ol Euclid's 
Elfments. And for a full illuftration of all the propofitions hithertp 
given for the redodtion of equations, the rei^der may have recourftp 
to Sir Ifaac Newton*s Arithmetica Univerfalis, Maclaurin's Algebra, 
Saunderien's Algebia, or the Abridgtmeot'of the &(Xie, Simpibn's 
Algebra^ Simpfon's Sele^ Exercifes, axid $' Gravefande's Algebn^ 
Ice. 
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.' Propositiom XVU. 

j 31. In the general affeficd cubic equation, z'— j^z^ZTf 

I or z' — 3f2 — 2r = o, where (he term involnng the indeter- 

j minate quantity, ^ is wanting; the yalae ui z it ereater than 

I ' Vir, as alfo ^fii/«r than V'j J, and may be ezprefled univei* 

I fally in manner following, viz. 


L 



z= v/- 


Demonstration. ' 

AfTume two quantities y^ v, whereof y is the greattf ; and 
fuppofe thefc quantities to be fuch, that j + w^z, ztiA yv^qi 
Then, by fubftituting in the propofed cubic equation, we have 
3rjy' — y^=iq^t which gives jr' :=r =4= Vr' — y' (29, 27). 
and of confequence w'^r^pVr" — 7' } but fince by fuppoG- 
lion, y IS greater than v, therefore jr' =r + Vr' — q^^ and »*- 
=: r — yr* — y', and hence 


{;>+v=)«=;'v/'- + -/r'— 5> + '\/r — i/r»— J 


= '\/r + yr*— yH 


Q;.E. D. 


35. Corol. I. From the expreflion for z, it appears, that if r' 
ftiouid be lefc than j', the quantity r' — y', would be negative, 
(4) and its fquarc root, therefore Imaginary, {5) 1 So that in this 
cafe the value of z cannot be dire&ly determined by the general 
method of evolution, (11). 

34. Corol. 2. If we change the fign of the term involving z, 
the equation becomes z' +3?z — »r^0; where z is Ufs 
than Vir, as alfo /</f than V'2q-- Here then, the quantity 37 
having a different Hgn from that in the equation of this propoC- 

tioni 
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tion» therefore in tbe general expref&on for z, the Ggn of q^ and of 
confequence that of 9', (5)) muft be changed; and hence ia 
thisode, 

2= \/r + Vr* + q^ — *\/r — Vr^lhj*'^ 

Or, 

_. ± 


Vr + Vr* +g»- 


* ^ 


3;» Corol. 3. If we change the fign of (a r), the abfotute 
term, the equation beppmes 3 q z — z^ znir^ or z*— 392 + 
2r =r o ; where if z be not equal to Vq^ it will have two reai# 
VALUES, one Ufs than 1/7, and the other ^r^a^^r than Vqy biit 
lefsiiiTjiV^qi Comparing this equation ¥rith that refolved in 
Ais propofitiony it appears, that in the general expreifioq for 
z, (32), the fign of the quantity r, muft be changed, and hence 
in this cafe, 

Or, 


Z 


= V— r+ 1/r*— 


r3 


\/— r + V'r*— jf»- 


But in this equation, fince the quantity r* is lefs than the quan« 
tityjl, it is evident,, that the value of ^ cannot be diredly de- 
termined by the general method of evolution^ (11). 

The general refolution of this equation, and of that in the firft 
corollary, (33}, will be given hereafter. 

36. Corol« 4. By fubftituting x— ^> inftead of z in the equa« 
^^^y (3?)> ^'-^S^z — 2r=:o, there will be produced the 
followmg cubic equation complete in all its terms, viz. 

x' — 3i>**+ ^p'''-^q^^ — ^r'¥p^ — %pq = o, 
And from this general equation, the folution of any complete 
cubic equation, may be derived, by comparing the coefficientSy 
and taking proper values of py q^ and r. 

Examples of Cubic EojjATiONt. 
{32.) Ex. u Suppofe 2' —36 z 33591., Here fl'ssxa, rsr 

"^ > and therefore z si 4 + 3 =z 7. £jf , 

a 


1 


I 

I 

1 
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£*. a. SttppoTe «•— •I2 2r=i6. Here J^r^i r = 8, anil 
i*> ...^9 =0 ; whence z =: 2 Vr =^ 4. 

Ex. ^. Suppofc z^ -•- 96 « = 5 ;^. 

£«• 4. Suppofe z' -^ 2 z = 21 • 

(34.) £x. •y. Suppofe z^ +6z:rzt9. Here g' 2= 2, r =r 10, 
tnd therefore z ;:=: 2. . 

£x 6. Suppofe z' + 30 z =2 117. Here jrizsio, r=r — I, 
•nd therefore z = 5 — 2 = 3. 
Bx. 7. Suppofe z' + 9 z =r 30, 
jFjc. 8. Suppofe z' + 24z = 58, 7914. ' 

(36.) &. 9. "Suppofe X* — 17 ^* + 54 AT -^ 350 = o. 

17 
Here p=: — ., 3^s:r42) 2 r:;z 401^9 and the equation for z. 

is z* —42 z 125: 407.9 2, where z:= 9. 287401 nearly (32), and ' 
therefore * ( = z +/) == 14.954067 nearly. 

Ex. 10. Suppofe Jf' + 6 »• -^ 183 X ••- 2704 =s o. Hei^ 
(— />z=:2,or),/>=r •— 2, 3 7?= 105, 2 r 5= 2322, and the equation 
ior Z9 i» z^ ^^ 195 z/ss: 2322, where Zs:: 189 and therefore 
If (=z+/>)= 16. 

E;c. II. Suppofex* + 15X* +843f— xoos=o. Herc/»;r^ — 5, 
3 g =:»^ 9, 2 r = 270, and the equation for z, is z ' •+ ^zis: 270, 
«yhere (34), z = 6, and therefore .t (=rz +/>) = !• 

£x. 12. Suppofe x^ — 12;:* +40 X — 512^=0. 
* Ex. 13. Suppofe x^ + 74 X* -f' 8729 « — 560783 =5 0, 

PRorosiTiON XVin, 

37. Admiitivg affiunative and negative q«iantitits, the three 
roots belongingto thofe cafes of affected cubic equations, which cou1<} 

npt 


J 



ANALYSHS. 


3» 


lot be rdblred by the' lafl propofidon'* may ba determiiKd by 
~'ans of a cirde from the following 


CONSTRHCTIOS. 


_ ---— ' 

H_9 a 

c jr^ 

\H . 

r 


.0 ... , 

I 

1 

- 

» 


General 
Equation. 


t: 


ipx*^3p'^3qxx-t^3fq—p^—2r=:e 


:3px 


-iP*—33^* — afr+p'~3P3 = 


With a radius A O equal to 2 Vy, tiefcribe die circle A E B F, 
am! draw the perpcnitmht diamewrs A B, E t ; parallel t& A B, 
and at the diftance of p therefrom, in9 C D aMrne %t belcnr 
A B, according as the fign of tbe/econd term of equation is affir- 
mative ot negative ; alfo parallel to .^ B, and at the 4ift>nce of 

, dKrefraai draw Z G above or below A B, according as the 

fign of the ahfilute term is affirmative or negative ; take the arch 
BFctJual to one third of the arch B G, and from the point P 
divide the periphery of the circle into three equal parts P Lj L K, 
and K P ; from the points of divifion P, L, K, draw to CD the 
perpendicular lines P Rf £ M, K N, and ^^efe will be the three 
rooUsof the equation ; the affirmative roots falling abovci and the 
■sgative roots below CD. 

. 38. Corel, t. If p = o, then C D coincides with A B } and 
if r = o, then Z G coiactdei with A B. 

' ' 39. Corol, 


^ 


iF«^- 




nn^^ 


32 MATHEMATICAL 

39. Corbl a. When — U greater thian 2 Yq^ the con* 

ftrudion fails. 

£jc. I. x^ — 12 X* +41 X.— 42=ro. 

Here^ = 49 ?=:■}-, and r = 3; whence 3 l/7=r3.054=: 3near« 

2 r 
I79 = 2.571 = 2 i nearly ; and therefore L M ±= 2j P H s 3^ 

andNK = 7. 

• * 

Ex. 2. Ap^ + 9x*— -aax— 120^;:: o. 

40 t4 

Here^=:3i ?=: — ^ and rsz^j whence 2 t/}^ =::8*i 

nearly \ and fince^ in this example, Z G coincides with A B 
(38), therefore L M = 4, BH = — 3» andMKzs — lo. 

Ex. 3. *• — 17 X* +82X — 120 = «. 

17 2 41 %^ 

Here ^=: =S-> y=s— i-, 2 y" jr^4.4nearly, and — - 

3 3 9 i 

zs: 4 nearly ; whence K N = 3, P H 2= 4, and L Ms: lo. 

Ex. 4* x5— 13 X + 12 r=o. 

Here ^ = o, f = — i., 2 V 9=4.2 nearly* and — =: »•» 

nearly j thus, in thii example, C D coincides with A E, and ; 
PH = i, LM=:3, andMK=— 4. 

1 

7 X 

Ex. 5. X* — - X + - = o^ 

4 4 I 

Here p = o, y r= — i-, 2 V'f = 1.6 nearly, and r= - =21.3 

12 J 7 

nearly; thus, in this exan^ple, CD coincides with AB^ and 
PH = 4, LM = i, andNK=— li. 

Ppofositiom XIX. I 

40. If one fide of an equation is a fra&ion involving coNSTiNf 
quantities only^ and the other fide a fradion involving one vA* , 
&1ABLE quantity in iach of its terms, the y^v^r^i/ values of thcfcj 
irariable quantities will be determined by taking all poii 1^' 
equimultiples of the correspondent terms of the given fra^ion* 


J 


r 
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! Let mx^nj reprefent any equatidft tHoWia^ two Tiriablo 

quantities; then, fince -=— (Ai. X.) ^ = — =: — , 

I J m tm 3 m 4m 

df. ^— — :=!— — z=- — ■, ^c^ (6), it is obvious, that,_ if 

x~n, i«, 3(1, 4n, ire. in, t«> i", drc. 
Hivny^m, 2m, $mt 41*, 6rc. iih, im, iim ^e. 
I (Ax. X.) Ci:_E. D. 

41. Corol. i.'WhCA M equatioN inwIvM two varbblc qnaati* 
I ties, it is faid to be Indeterminate; becaufe each of the- 
Variable quantities may be ioKrpreted by (cferal different nam- 
bcrs, and fometimes by the fame numbers. 

41. Corol. 2. From- Ats propofitiimj it appears, that in tlie 
equation mx^:ny, 1/ « can be interpreted by n or any multiple 
of n, then may y be interpreted by m Or an equimiiltiple cf m. 
i That is, in an indeterminate equation. invoJTing two variabls 
quantities, x, y, the values of x go on by n, the coeihcient of y^ 
pud thofe of j{ by m, the coeSident of j:: AaA thercfoic, having 
Obtuned the firft values of x, y, the o^bcr value* will be deter- 
mined by a conftant addition or fubtra^ion of the coellicients o£ 
;< X, or of equimultiples of thefe quantities. 

43. Corol. 3. Let A, B, C, reprefent three conftant quanti- 
ties; then, if A Jf -♦• Bji = C, it is evident, that, if x increafes, 
J muft dccrcafe, An6 vice ver/a: But, ff Ajr — B^=:C, the two 
Variable quantities, <, y, muA eJihci-, both Ugctiier, cncrcafc, or 
both together decreafe. 

44. Corol. 4. From the equation Ax=fcBy^C, we hare 

X— andjiss ^ — « (Aa. X.) And therefore, i£ 

by afiual divilion, either of tbefe quaiuities be reduced to more 
fimple terms, then, by fubilituting for the fraflional part of the 
quotient, a niw equation will be obtained more fimple than the 
Wigioal one. 

Examples of ISoETERMrNATS E(ijjatiosb. 
£x. I. Su[pofe 9 M — jy^6. 

Here then w« ]ia« ~ » , and thweftre, by this propofi- 

W(4o.) R If 
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If 3x — 2=7, 14, 21, i8, *c. 
Then ^=^31 6> 9» 12, ire. 
Whence, fuppoGng x, y, to be whole numbers 

Thus Cored. 2. (42.) and Corol. 3. (4].) 
3c=;3, 10, 17, 24, 31, 38, drc. (Difference 7.) 
1 = 3, la, 21, 30, 39, 48, 6c. (Do. g.) 


fis. 2. Suppofe 5 X + 9/=; 200. 

Here wc have ^', and therefiwe^ 

> S 

If 40 — x^9, 18, 37, 36, 

Then 7^5, to, 15, 20. 

Whence, fince the firft feriea tenninatet at jtf, the giuntitia 
», J', arc limited to four values, t^^uftcA^Oiu^rU**^' 




Hius: x^ji, 22> 13, 4, (Difference 9.) 
/= 5, 10, IS, 20, (Do. 5.) 


£x. 3. Suppofe X X — J = 100. 

Here we have = i, and therefore, 

i»0+jr 

Ifjc = i 51, 52, S3, isc. 

Then ioo+ji;=i ..'... 102, 104, io6> be. 
Whence^ fuppofing X ^ S^ 7 -n. ^*^S* 
ioo+j(^io2 5 (.>=r *■ 

Thus: jc= 51, 52, S3i 54* ^^t ^f- (Diff- *■) 
J) = 2, 4, 6, 8, 10, be. (Do. 2.) 


,^ 


FT .-;^- 


?«i!rai 
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Or, by Corol. 4. (44.) 
Since 2 Jc-*-jr=:ioo, therefore x= 50 +vj'; let v=iy> 


v 


•rav=>; then, fince -=ti therefore^ 

J' 
V = I, 2, 3i 4> S> 6» <&^t (DiflF. I ) 
y=2t 4, 6, 8, lo, 12,6c. (Do. 2.) 

(50 + 4j=:)x = 5i, 52, S3> S4> 5S> S6> 6^. (Do. i.) 

E^, j^ Suppofe T4x»— i9jr:=: II. 
Here, we h^ve = — , and therefore, 

y I 

If !4x— 11 = 19, 3^9 S7> 7^» 95> "4> i33> '52, I7i> ^^^ 
Then j^= i, 2, 3> 4> 5, 6, 7, 8, 9, *<:. 

Whence, fuppofing >f, jf, to be whole numbers, 
,4X-„ = ,7x^ Then ? = '^ 

Thus: *=i3> 32> 51, 70. 89, itc. (DifF. 19.) 
^'^ 9> 23, 37, 51, 65, eye. (Do. 14.) 

Or, by Corol. 4. (44.) 

19 y + 11 

Since 14 » = 19 v + 11, therefore, x =r — =: ^ + 

14 

5jf+ii - SJ^+«J r Hv-^ii ^ 

ii 5 letz;= — , then jr = = 2 >c v — i 

14 ^4 5 

, 41; — I , 4 V — I , 5 z + I * z + I 
+ — J let z =s; — , — ^ then v =^ ^ — i = z + j 

5 5 4 4 

. z+i, Z + 14 w I ,_ 

let w rs , then = -, or = - ; and ther«* 

4 w 1 z + i • 4 

fore, 

J- Then ^ f And v (=:z + w) = 4. 

z + i=43 C2 = 3) 

Whence, jr(=2x z;— i +z)=9, and jc(=j^ + v) = 13. 

And thus, the firft values of x, j, may be brought to the inoft 
ftm^le detirmination poffible. 

£ a ifjf. 
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■J?jf. 5, Suppofe 2i* + 3j = 8oo, 
Ex. 6. Suppofe 8 j> — 3 X = 16. 
Ex. 7. Supporc24x — iiy^\6. 

4;. CQr<d. 5, By this propolition, *« can determine the leaft 
whole numbers, that, divided by given numbers, flialJ have gives 
remainders. Thus. Suppofe we were to find^tfac leaft whole 
number, that, divided by 3, 7, there (hall remain 1, 3-, let N 

reprefent the number fought, then -, =-, are whole 

3 7 

N 1 

numbers} wherefore, fuppofe S=P, then N^3 P + 'j 

Bnd — ^li-= 3P — 8 . f^ ,^ iZnlisQj then P = 

7 7 7 

— ^^ = 3 qn- --i= J let :5:^_=:;R, then -^-- 

3 3 5 R 


CL+2 = 3 


^ Then Vt _ ', and therefore P=: 3. 


'^. 


Whence, N3=io the leaft whole number required. And by 
continuing the fenes for Q^+ 1, R» tl>« other values of N maj 

be obtained, 


Since P = 2Q_+ ^-i I 
I'=3, andNpiio, as before* And, by fuppoRng — -■ 

? 

2, 3, 4, ic, the next greater values of N will be dcterininicd »* 

before, 

Again, Suppofe we were to find the leaft whole number, that, 
divjiicd by 28, 19, (hall give 10, u, for remainders. LetN te- 

r ,. V J L N— 10 N — *2 
prefent the number required, then , , are whole 

>»'■<,'■ 

' numbed 
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liimber&l>7 ruppoGtion; wfaercfore fappofe -. := P, thca < 

N = a8 P+ iQ, and therefore —— — =: ~. =z P -t* 

19 19 

bP~2 . gP — 3 „ , „ 19Q+2 ^ I 

i ; let =: Q^ then P = -l-i = 2 Q ■*• ' 

'9 


+ 3 <J + 2 

-^:^ : Here, by taking ->: — - =it, -we have Q =: 7, and 

9 9 


x?t 3* iic. the nest greater values of N will be obtained ; or, 
the lame may be determined^ by forming the pragrelBoiis, as ia 
the laft example. 

4^. The anaWGs given in this CoroUaryi may be extended to 
ffij number of divifors and remainders 

Bx. I. To find a whole number, which, b«ng divided by 3, 5, 
7, J, there fliall remain a, 4, 6, o, refpeftively. 
Let N reprefcnt the number required j then fcy fuppofition» 

N_2 N— 4 N— 6 . N^o 

, 1, , and T-arewoolenumbers. Where- 

3 ^ , 7 .2 

forc^ fuppofe — IIl- = Pi then N = 3P"+'a> and therefore^ 

S 5 5 S ' 

P + 1 

Suppofenow ^ =:Qj then Ni=i5Qj-i, and theraij 

, N— 6 isQ — 7 „ j_R 

fcie =c.>:, ^ = 20—1+-^ 

7 7 7 

Suppofe — = S t then N;;=io5S — ii and therefore 

= 5a S 4- . 

2 

i« : 
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I 


1 

3> ^f . tllll 


number required : And, by fuppofing = 

2 

next fucceeding values of N will be determiaed. 

Ex. 2. To find a 'jihole number, that, being divided by i(S, 171 
l6i I9t 29> there Ihall remain 6, 7, 8, y, 10, refpe^velf. 

Let N reprefent the number required; then by fuppofition, 
H_6 N — 7 N^8 N — 9 , N— ID 
, , , - ) and , are whole num- 

16 17 18 19 20 

bers. 

Suppofe =: P ; then N =: 16 P + 6, and thercfoM* 

16 

N — 7_i6P— i_ 17P— F+"i_ P + i 

F + I 

Snppofe now =; Q^; then N:= 272 Qj- 10, and there- 1 

Suppofe now ^=:R; then N = 2448R— 10, and there- 

IJ 19 19 

SuppoCe = S ; then N =t 465 1 2 S — ro, and tlierefore, 

■9 

tl~- 10 465125^21? c J. S 

20 20 S 

Let — = !•, then N^ 232550, the /.?dy? wholenumbgrreqolr- 

' s 

ed : And, by fuppofing — = 2, 3, 4, 6c. the next fucceeding 

Values of N will be obtained *. 

• See Dodfon's Repofilory, v. i. Simpfoa's Algebra and Selt^ 
Ejetcifes; as alfo Emerfon's Algebra. 

47. Corel. 
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47- Cdrol. 6. Any cquatiiMi, involving two diffeaent powcra 
if the fame variable quantity, may be reduced by fubftitution to 
the Form of an indeterminate equation, involving two variable 

quantities : And, hence the refalution of all commenfurate quadra- 
tic equationst as at/o of all rorttmenDtrdte cubic equations , -maating 
lae term, biquadratic equations wanting ttiio terms, &C. 


ExAUF^BS OP Quadratic E<iuatioms, (26, 27) 
Table of Square Numbers. 


Hoot t 

. 2. 3. 4. Si «» 7* *» 9> °f "> 

11. 

Square i 

, 4, 9, 16, 25, 56, 49, 64, $ii 100, 121 

144' 


i«. I. x'+6»=40. Here Z- =- ) 

40 — x*=6, 12, ts, 24^ 40 — 24=: 16 /^^— f i^eio-^ 

«=1. S. 3> 4) »= 4. '^ " m 

£». .. ,• + 3 * = 88. Hera ^^IL= I ~' { 

XI, I 

•' — »' = 3. «. 9. ■>> "S. "8. S"> 247 «S — 24 = «4 

* = '.». 3. 4> S. «. 7. sS «= «. I 

J..3. x-_4» = 22}. Here'!lll!ii=i ' i 


224 = Tf I, ifi 2. aO 2i-h22i=aaS 
» = I. ». S. •!> S S »= S- 

S* — JC*=6. Here ^ =; 1 

X I 

6=S> >»? 10— 6=4C ij J IS — «=!! 
»=1, »S * = "i 3 ) 1 = 3 


«x. ;. 
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Ex-s-x' + 4x^=196. hetv^sx'^theav' H" + Ti=S!)6(»7\ 


" =! I. «> 3. 4. S> *> 
And X = /w =a a. 


s8, 32^ 96 — 33=^64 
7, 8 3 vs ■« 


Or, 

_ 4 


fiince r' +4i' = 96, therefore 

•4- 

9, .65 


»-=4, . 6.56,64? .._... irf„^ 


«4 — I' =>. 4. 9. 


Examples of Dcpicient Cubic Et^iATiONfo 
(3«. 33. 34, 35-)' 


Table of Cube Numberf* 


Root I, t, 3, 4, 5, 6, 7, 8, 9, 10, II, 
Cube 1, 8, 27, 64. "!. "■«. 34Ji JI2. ?■»■ ■<»<>. I33'. 

IS. 
■728. 


S;c. I. 4>— fi« = 4o. Here 1- = 

z 
X* — 4o=6» la, i8, 14^ i4 + 4o=:fi4 


:lSt la, i8, 14^ : 
= '. »» 3> 4 3 


a= 4. 
400^2' 84 


£v. 3. z' 4* 8422:400. Here 

400 — **=«4. ifi*> 'S»» 3J6? 4«'-i'336=:tf4 


4. 
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r " 

Ex, 3. z* + iilz=:3i. Here 

32 — z> =12, 24 } 32 — 24 = 8 
« x= I, 25 z=n. 


41 


32 3-% 12 


(33-) ff*- 4« z'---7Z,:^6, Here 
z' — 6=57, 


a' — 6=:;7, 14) 2 O 2i+6=;27 
z = i, 2, 35 z= 3. 


(3^.) Ex. 5. z' — 13 z == 12. Here 

s* — 12 = 13, 26, 39, ji'^ 52 + 13=64 


2' — 12 i;; 


19. SO ; 
3. 4S 


2= 1, 2, 3, 

(35.) £x. 6. 21Z — z' = 2o. Here 

z' + 30 3=.21 


2' + 20 21 


21 ■> *i-i-l»=l ^42, C3, 84'jt 84 — 20 = 64 
IJ 2=1 C 2) 3« 43 2= 4- 

(35.) Ex,-;. 39 z — z' = 7o. Here 1~ == 

Z» +70 = 39, ^8^78—70 = 80117, 1-^6, !9s7r9S— 7c=r2S 


(3S0 .£«. 8. iz— z»— ^, Here IZ 

z- 

z'+i = i^i-4=i C O }-i=i 

^=ij ^=1 li S 2=i. 

£..9. 9-'-x^=ioo, Here !!^ "M' : 


*-] 


100 + X ' 9 


«* = i, 4, 9, 16, 25^2 
a +jc> = j), 36, 81, J<]4», 2^533 


4, 9, 16, 2s^25 = S==:«' 

^Jzi — ICC .511 2, - 5' ■^' 
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Thus : we lee in how very eafy a manner thefe cubic equation; 
may be refolved, which -we formerly fouod could not be ndacEd 
by the general method of evolution, (3^, 35 ) And, we proceed 
ill the fame manner, in rcfoWing deiinent cquatiooe of alloegKgs. 

4H. Coro!. 7. When an equation is prppofed, invslvtpg more 
than two variable quantities, or more than two different powers 
of the fame variable <)uantity; by f^bftiluting for the fum^ dif- 
ference, produtl, quotient, iic. of two or more of- tbcfe quanti- 
ties, the equation may be transformed into another, involving only 
two variable quantities} or two diScrent powers of thclaine 
Tariab]c quantity. 

Example* 
Suppofe Cv + yy+fiz:^ 100 ; to find all tbe values ^ sfj 

J', 2, in whole numbers. 


Let (6i + 8z=) as4 3* + 4?=r2T'i.thena«+-7>=ieK)j 

y 2 

so — u = 77 w:^43, 3«, 29, a?, 15. (Dif. 7.) ^ 

y^2) y^ 2, 4, 6, 8, 10. (Do. ■«.-) 

'. X I 

Tailing V =43; we have 3> 'J- 4 2 ^43, or = -( 


^ and hence, 

5. 9. '3- 

(Dif. 4.) 

<3 — 

42 = 433 '="• 7.4. I- 

(Do. J.) 

Thus 

■ when J = 2 a 

Z Z. 



« = ■. S. 9. "S, _ 

2 = IC,7, 4, I. 

^ 

Talir 

g v = 36 . . . 

3*+4z = 

= 3« • • • 

, K4 ■ ■ 

X 

. ' -♦• 
9-i 3 
= 4j ;c==4. S. 
= 35 ^=?6- 3- 
when jF =r 4 4 

(Dif. 4.) 


S — z 

Thus 

(Do. 3,1- 

^ 


*=4.» 
s = 6, 3. 

r ,Z- 

1 


3«=jj-^ 



TfirfTflB* - -r - ijt^.K — :;--TSP z r- , ^, -. ■«|-p^ ^^s 


•>1 


"5- 
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• • • 

*jC'Akin^ V z=: ty • , . 3x4*42 = 29 • . . . * 

X = i, If 3 > X = 3, 7. (Dif. 4.) 

*9— .4«=i3, 6, pS 2*Sj *• (1^0. 3i) 


X X 


29—42 3 


2 




2=i=5» ^» 
Taking v^aa . . . 3X-F4i==:2i ^ » > 

»=a7 X ri 2, 6 ' <Dif. 4.) 

(Do. 3.) 
T6u«: wheat >==8 #• 

z = 4, I. 

« 3 

5 — x = 4> x=i 

2 = 35 ;K = 3i 
Thus : when ysz 16 ^^ 

ir= t ^^-^ 

And thefe are all the Urbdle ntinibefs bf Which Jr^ ^% $^ <a4 
be expodnded •► 

Section III. Ot f He CoUi^ositidH ani> ftfisoiuTiolsr 


i^kopoiiTibl^ XX^ 

49. The foot of any cubic binomidiy involving d quadratic 
jfurd ^uantitj^ may be determined by the refolution of a coH* 
MEN^UKAi'^ cubic equation, w^ting the fecond term. 

* Sec Dodfon^ fUpijfitoryi v«. 2r Sicoprdxi's Sele^fl Ejcer^ifcs anal 



jfliH, 
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Let R dt l^S reprefent any cubic binomial, inrolvrng ths ra- 

dical quantity l^S ; fiippofe VK^ — S t='Q^*artd let 2 B fee the 

falue of 2 m this cGmwctifiirate cubic elation, z' ^— 3 Q^ = 

.1 ii 

2 R (47) ; then wiQ B =i= VB* — Q^be the cube root of the pro- 
pofcd binomial R dti |/S. 

Ex, I. .Suppdfe R = 20, ami S = 392 ; then Q^= 2, aft<! the 
ec^uation s * — 62 = 40^ gives 2 B is: 4 (47)^ whence B db 

jf:?. z> SuppDfe'R::^i5, arid 8=1968 ; thcii Q^ — ^, and 
it equation 2' 4-212 = 50, gives 2 B = 2 (47), whence, 

Bnzi/B* -Qj=:i ±1/3. 

» ■ - 

£ji:. 3. Suppofe R=:i8, and 8 = 325; then Q^= — 2\ and 
the equation 2' +122 = 288, gives' 2'frt=3^^.(47), whdnce 

B z±z vB' — Qj= I =*= V'S i- 

£.v..4. Suppofe Rmo, and S=rto8; thcnQjrr — 2, and 
the eqjiation 2' 4- i3 2;^ 20, gives > B;=s2 (47 )> whettce, 

B=±:yF"^^^=i=±:l/3. 

^x. 5. Suppofe R = i35, and 8=218152; then Qjir — 5, 
and the equation, t^ ^^±z=z2jOy giyefi 28 = 6(4^}, whence 

B=±:>/lF"-lQ_=3=i=l/i2, "^ *^ 

-fi'x;-^-. Suppofe R = 68, and 8 = 4374; thenQ^rij V2,an4 

3 3 

fhc ecjuation, 2*-*«i5 V 2 X2= 136, byfuppofing v = 2x|/2, 

Lecomes v^ — 301; =±272, which gives i; = ^(47); and tfcere^- 

.4—1/6 



fore, BrfcV'B^— Q^= i • 

Ex, 7. Suppofe R=3, and S±: ; then Q= 7, and 

27 3 

the equation, 2^ — 72=2:6, givc$ 2B3s:3 (47), whence Bdt 

^ >/iF^Zq=r,i=±=il/—^. 

Ex.S. Suppofe R=: — 10, and Szrp — 243; then 0.= ?> 
jmd the equation, 212 — 2^ = 20, gives ^ B = i, as alfo 2B=4 

(47) ; whence, taking 2B£= i, we have B cfc |/B* — Q=idtz 

4 y — 3, where 4 + 4 V — 3, \% the root of — 10 — V'— i43» 

and 


# 


ind i — 4 V-^3> that of — lo + V— ^ i43> and taking 2 3=4, 
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i?e have B =±= >/B* — Qj± 2 =1= >/— 3, . 

ScHOXtUH^ 

50. As, by thi$'propofition,.the root of any cubic binomial, 
may be determined; foT thereby are we enabled to bring to zdireSi 
jolutiorij all affected cubic equations whfttfoever, (|2, 33, 54V 35, 
36.) Let 2'~3grr — 2r=:o, rcprefent any afle£ted cubic e- 
quation wanting the feco9d term, and IttmdtzY n reprefent the 


cube root of the bmomial t':^! V r* — q^ j theni fincfc z = 2 »z 
(32), or 2? — 2m = o, if we divide 2'— 3^2— ^2r by z^-2»i, 

we fliall obtain this quadratic equation 2* +2W2 + 4m* — jy 

= 0, which being reduced, (26), givesz=— i«=fcy35r — 3712* 
ddmitting aflSirmative and negative quantities: But (yxi;= 

tn + YnKtn — Viirr) m* — nz:zq (.32), and therefore, by 


fubftitution, 2 = — m =±: V'-^ S^* Thus : admitting affirmative 
and negative quantities \ in the cubic equation, 2' — 3^2 — 2r 
220, we have 

I. zzz ^« 

!i. 2=— «i + y — 3« 

5. 2S3^ — ♦» -^ y — 3^. 

And therefore, in the general complete cubic equation (j^), 

*'""3iP^* + 3^*-— 3gxx— ^2r +^^— 3^} = o;finceflf2= 
^ + 2j therefore, 

I. xn^ + 2W 


S. xaa^ — m + V — 311 

3. x=zp — m — >^— 3«* 

$!• In the a'pplieieition of this. general equation to pra£life, thp 
following obfervations may be attended to, (i.) That the third 
and fourth terms may be reprefented either as affirmative or ne- 
B^^^^^j (37)1 by properly arranging thcfe terms, (2.) That, if 
jpsro, then 

1. X (;=i2) = 2»i 

2. jf (=2) = — m + y — 3fi 


'J|& MAtHfeMAtlGAL 

I. i=i 2w(a:T^jrJ 
3. «=s— m + l^v- 3«» 


^4.J Tha^ if r=ro, thenihs=6, aridffs^-^ftj «r^dicii;( 

And tfierefdrii, t. xsip 

2. »=±^4t^3^ 

i?*. I. Ar'-ii is** +41 X'^4iir6: 

Here/^=4^ yril, /* = 3, and ^.rizv'r^ — y5~3=f=f/^ ^jff 
whence mztzynzziztziy — ^1(49)9 and therefore, 

t. Jt {±xp 4-2m2=4 + 3J«=7 

3* x(=:^ — w— i/— 3n=si— .4) =3:2; I 

/ i 

j?x; 2. x' + 15 X* + 84 iir-^ 100 == Oi 

Here/) =—5, 9'±= — 3^^ f±* 135, and r=S=i/r*— y^ =r 13^ | 
=±:>/i82j2; tilrhencei m=±zt/«=±: 3:11=1/ 1 2 (49), and therefor cj ' 

li x(==^^2»i)=— is +632:1 
2i *(=> — f«4-y-i-3n)3ea^«4^1^— 3li 

Sx. 3. ir' +9Jt*— .t2^*-^llo3*:0- 
Hcrc/>=-^3, y~ — r-^ andr±i5a$ whence^ 

3 

iix(==>)=r-i 

a. :^ (== /> + 1/3 ?) =^ ^ 3 + 7 = 4: 


Sere ^=3^ 9 = 0) r=4i wbence> 2n=v'2r=r2, lOiC 
fhereforc, i. * (=^ + « m) =: j 

Ex. 5. X*— fi^x*— 9* + 54=:o. 

Hcref = 1, ? = 7» /■= — IPi aad r;:ip !//■*.•»-?' =5 — to:±t 
Y — 2431 whence, m^^Vn = i^ciV—i, as alfo m^i^Vn 
_ J -+- y_ J j^jfj^ jmd tharefow, uking tbe feft valine of 
n=fc V'n 

I. *(=:f *»»?)=! 3 

a. *(=/ — ra+ y— 3»)=6 

$. x{=/— IB — y— 311}=— i 

Po taking the fecood value otm^Vn 

a. * (=f — m + y— f «) = $ _ 

3. *(=^ — m— V— 3«)=-rT3. 

iPsorosi-Tioit XXI. 

{2. jidmittwg «ffirniatiye and negative quantities; and fup' 
pofing afie^ed equations of all decrees to be produced by a mul- 
tiplication of binomial factors. Every afic£led equation -will have 
as many roots as there are units in thecxpoDcnt of toe highell power 
of the variable quantity; and, if the terms of the equation are al- 
ternately affirmative and negative, the roots will be all affirma' 
live ; but, if the terms are all afBrmative, the roots will be all ne- 
gative: Moreover, the coefficient of the fecond term, will be the 
fumof all theroots with their£gns changed ; the coefficient of the 
third tchn, the fuin of all the produfts that can be formed, by 
taking the roots two and two under their proper figns ; the co- 
efficient of the fourth term, the fum of all tbe produfls that can 
be formed by talcing the roots three and three with thfir figns 
changed; and fo on, the roots in all odd places, preferving their 
figns, and in all even places, changing their iigns. And as to 
ike lafl term> it is always tbe produ£t of all the r03ts. 

This 
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This propofition, which is proved by indu£t!on» was firft gWen 
hj Mr Harriot, * the great improver of this part of the analy tiq. 
aft *. 

Let X reprefefnt any variaUe quantity, and let a^ b, r, d^ e^ 
^c. reprefent any conftant quantities \ if then we fuppofe, that 
X can be interpreted by any of thefe conftant quantities, the pro* 

duft X — a XX — * X X— 'f X X'f^d x x-^e^ isc. willed- ^ 
dently vanifli, or be equal to nothing : And, hence may be de* ; 
rrved affe£ted equations of all degrees. 


Thus : Suppofe j:— ax*-^^s=o» . 

Then x^—a-) ^ ^ M 

> x + ab:rzOi a quadratic equation. 


•Hna—^pav 'MMKnapilAMto' MMkk^bA' 

Alfp, Suppofing jc — a X X — b x x — t ^ o. 
Then x^ — a') •+• ii - 

^ — abc:rz o, acubic equatiOn4 
4- bc^ 


In like manner, fuppofing x — a xx — ^xx — ex x — dzszi 

T^a b (^ 
^ — a b ^> X + a f r d'=t o 


> X 

— bed 


Then X* ~ f ) i ^ ^^ 

• >^ X 

TT c £ + ad- 

--dj -h be 

+ bd 
+ cd! 
A biquadratic equation. 

And fo on, for equations of higher degrees, . 

Here the feveral particulars mentioned In this propofition, appear- 
by infpeftion : And the fame will be evident, f<ippofing the fignS: ^ 
of the quantities, <z, b, c, d, ifc. in (he binomial fa&ors, to bC: ' 
jioyhow changed. 

i 

53. Corel. I. Since the coefficient of the fecpnd term of every 
affedled equation, is the fum of all the roots with their Cgns. 

changed 3^ 

t See Harrict*s Praxis Ariis Analytics, publiihed by Mr Waltci: 
Warner, an. 1631 ; as alfo Dr Wallis's Algebra, Sir Ifaap NcwtpaX 
Arithmetica Unlverlklis^ and MacIauriaVA^^^bra. 
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changed j therefore, in an affe£l:ed equation, if the fum of all 
the affiroiatiye roots taken together, be equal to the fum of all the 
negative roots taken together, rhe fecond term will vanifh. And 
confequently, in an afFefted equation, wanting the fecond term, the 
fum of all the aSri^native roots taken together, mud be equal to 
that of all the negative roots taken together. 

54. Corol. 2. In every afFefted equatiotl, the coefScients of 
the third, fourth, fifth, 6*^. terms, are always Divisors of the 
iaft term. 

55. Corol. 3* Since» in every affe£):ed equation, the Iaft term 
is the produft of all the roots ; it is therefore evident, that every 
commenfurate affe£^ed equation, will have its roots among the 
diviibrs, fimple and compound, of the Iaft term. 

56. Corol. 4 Since unity is the leaft fimple divifor of any 
quantity, therefore, if we divide any quantity by its leaft divifor, 
greater than unit, the quotient by its leaft divifor, greater than 
unit, and continue this procefs until there be no remainder ; it is 
evident, if we adjoin unity to thefe divifors, we ftiall have all the 
fimple divifors of the quantity propofed : And as for the com- 
pound divifors, thev are nothing more than the produ£ts of 
the fimple divifors taken two and two, three and three, four and 
four, ijCk ^ 

57. CoroL 5. If* therefore, we refolve the Iaft term of any 
commenfurate affe^ed equation, into all its divifors, fimple and 
compound \ we ftiall obtain the roots of this equation, fuppofing 
all the terms brought to one fide, by obferving what divifors, taken 
affirmatively or negatively, and fubftituted inftead of the variable 
quantity, make all the terms to vani(h. 

Ex. !• *' — 2 jc* — sx + 6 = 0, 
Divifors, f, %, 3, 6. Roots, i, — a^Sf 

Ex.. 2. x' — 2 X* — 33 X + 90 zr o, 
Divifors, I, 2, 3, 3, 5, 6, 9, 10, 15, 18, 30, 45, 90, ^ 
Roots, 3) —5, 6. ; 

^x. 3. Jt* — 4X* — 19** + 1602^. — 120=10, 
Divifors, i, 2, 2, 2, 3, 4, S,,6j 8, 10, 12, 15, 20, 24, 30, 
40, 60, 120- Roots, 2, 3, ^, — 5, 

58 Carol. 6. In any complete afFefted equation, involving 
fcoth affirmative and negative roots, which may be known by tfte 

G figns 
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figns of the terms; (fuppofing none of the roots to be imaginatj 
or impolHble quantities) ; the afErmative roots may be renderetl 
negative, and the negative roots affirmMive> by changing the 
figns of the alternate terms of the equation. 

Ex. I. In the equation, x' — 2X* — 5 x + 6 = o, the roots 
are, i, — 2, 3; and, in the equation, x* + ax* — 5 x — 6=0, 
the roots are, — j, 1, — 3 (jy), 

Ex.2. In the equation, x' — 3 k* — 33 * + 90^0, tic 
roots are, 3, — $,6; and, in the equation, x' + 2 X* — 33 x 
— 90 ^ o, the roots are, — 3, 5, — 6 (57). 

£x. 3 . In.thc equation, ** — 4x' — 19s' + 160 x — i3e=o> 
the roots are, i, 3, 4, — S ; and, in the equation, x* -#- 4 k' — 
19 x' — 160X— iio=:oi iherootsare, — 2, — j, — 4, 5 (57.) 

Ex. 4, In the equation, x' + 12 x* + 41 x + 42 = o, the 
roots are, — 2, — 3, — 7; and, in the equation, x' — I2t' 
+ 4IX — 4a=:o, the roots are, 2, 3, 7(57-) 

59. Corol. 7. In every complete affeStcA equation^ free from 
frailions, radical quantities, and imaginary roots, there are 
fo many afGrmative roots, as there are changes of the figns in a 
continual feries, from + to — , and from — to + [ and for 
every fuccellion of the fame figns, there are negative roots, (57, 
S»-) 

60. Corol. 8. When there are any terms wanting in affefted 
equations, we may fupply the deficient places with cyphers •. 

PPOPOSITION XXII. 

61. The root (x) of any equation whatfocver, may be increafed 
and diminifhed, multiplied and divided, by any given quanrity, 
(a), taken at pleafure. 

In any equation, involving a variable quantity x, if we fup- 
pofe ■» ^^ -t- fl, OT, y^^x — a, and fubftitutc, it is evident, 
that a new equation will be produced, involving the variable qaaa- 
tity^y, which exceeds the variable quantity x, by the given quan- 
tity i»(3): And, in like manner, by fuppofing jrssx — a, or,' 
x^y + a, and fubHituting, we Ihall have a new equation, in- 
volving 

•For a full illudration of this propofition, and its corollaries, fw 
Sir Ifaac Newton's Arithmetica Univerfalis, with Dr Wilder's An- 
notations; as alfo Maclaurin's Algebra, and Saundcrfon's Algebra. 
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living the variable quantity yy which falls (hort of the variable 
quantity y^ by the given quantity a (4). Alfo^ if. we fuppofe 

y 

j^ a X, or^ X = -, and fubftitute, a new equation will be pro- 

duced, involving the variable quantity y, a multiple of the va- 
riable quantity x, by the given quantity a : And, in like manner, 

.XI 

byfuppofingjf s= •»(=?: - x x), or, xzizay, and fubftituting, 

a a 
ve ihall have 9 new equation, involving the variable quantity j, 

a multiple of the variable quantity x, by the given quantity - (5.) 

a 

Let x^ — ^x*+gx — r=:o reprefent a general affe£led 
cubic equation. 

Suppofe (y + tf = j', or,) x 13 j^ — tf, 

(A) ^'— 3a^ ^ +3^ 

-^5^ + 



— qa 


=:;::oi 


Suppofe (x — tf=jr, or,) jf=^ + tf, 
{B) ^* + 3 a") +3^*^ + tf' 

— /»> — 2^fl> y —pa'' 

Suppofe ()p=rtf r, or), x== Z 
a^ tf* tf' 

Or, 

(C) y^'^apy* ^a*qy^a^rz;zo^ 
Suppofe (jr= - X jf, or), tc^zay^ 

(D) ,3_^ S+L^ JV =0. 

G a 


= Q* 
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62. Cdrol. I. By increafing and diminiffaing the root (y% of 
any afFeftcd equation, by a proper quantity (a), we may extcr*-. 
minute any of the intermediate terms of the equation* TbuS; 
in the equation, (A), fuppofe — 3 a — ^=ro, or, tf = — t/> ■ 
and the fecond term will difappear; and, l^ tl^e jequation (6)1 
fuppofing j <x--/>=o, or, a ^^rh ^^ fepond terni vaniihe« al- 
fo in this cafe, llius : alfo, by fuppofing the poe^cient of the 
third t'erm equal to nothing, and refolving' the qii:i4ratic equa- 
tion involving ^, we may exterminate the tfijrd ter<n. In ge- 
neral, by increafing and diminilhing the root of any affeded e- 
quatioti, by a proper quantity (a) ; it will appear^ that the fe- 
cond, third, fourth, fifth, iic, terms, may be exterminated by 
the refolution of a iimple, an afie£ted quadratic^ affe^led ^ubic, af- 
fe£led biquadratic, irr. equation. ^ *^ 

63. Corol. 2. From the laft corpUary, we have this general 
rule for exterminating the fecond term of any afFe£led equatioa^ 
viz. Divide the coefficient of the fecond term, by the exponent 
of the power of the equation, and increafe or dimmifii the root, 
by this quotient, according as the fecond term is affirmative or 
negative (61.) 

That is, in tlie equation x^ :;±= P jp "» — % ^r. Suppofft 


Ex, I. X* — p x-^qzcLO. 

Suppofe y + t/> == X 
jf* =/ -^py + ip 
• pxz= —py — ip 

■7= — q 


y^ — iP^—q = o. 


Thus: yzszYip^-^q, and x (=s:4p+yjz=4/> + |/i/^*+jf 
as before, (26.) 

I 
Ex.2, x^h^ipx^ — 3 J X — 2^*^ 

+ 3/*^— /^'> =0. 

Suppofe jf + ^ = X, then j^^ — 3y;»~2r=5;o, 

64. Carol- 


t. 
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64. Corel. 3. From the equ8M:ion8 C and D9 of tbispropo&tioni 
fiL appears, that to multiply or diTide the root (jt), of any afieffcea - 
equation, by a given quantity a, we hare only to range the terms^^. 
fupplying d^ctent places with cyphers^ and then fuultiplying or ' 
dividing the terms of the equatiop^ by the terms of the progref* 
fion, I) df a^i aS tf y^^^'s ifc. 

Ex. I . Suppofe we were to multiply the roots of t|{i8 equa? 

tion by 2, viz* x* +4 x' — 19 jc*-t: io6x-r i?o=so* 

2 ^ 4 8 16 

yi+Sy^ — 76 jr* — ^48 > -^ ipf o = oy / > 

Ik Wlicre jr = 2 X, 

\ Ex. 2. Let the roots of this equation, x'— 3Ji: + ir:o, he^ 
inultiplied by 3. . r . > 


I 3 9 i? 

yi — 27 jF + 27 = o, Whercjf=:3y, 

Ex. 3. Let the roots of this equation jr*+2aA*V2-f»8tf4 
)c* — a' X VS— 2ii»*» =:o be divided by V'a. 

x^-i^zax'Vz +Sabx*—a^ xV8 — 2a*i* z:<;^ 
I V2 % V8 4 


■•"*■ 


y* +2ay^ +4aby*^^a^y ^ — itf*3*=:o 

Where vr: . 

V2 

Ex. 4. Let the roots of this equation jc' -^ 84JC 4« 160 zzqm 

be divided by 2. 


*'.... ox* . . — 84x + i6oz:q 
I a 48 


■i* 


jr» — 2ijr + 8or:o, Where /= * 

«5. 
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65. Corel 4. By this propoGtion, and the laft corolliiy, wo 
may change the root j: of any equation, into its reciprocal, bj 

fuppoCng jt= -, 01 x= -. Thus: in the equation, 
let * = -, 

y 

'■ Then-L— 4.+_L-'" + ,-=o . 

y* 

Or,^'— - 

i t J I 

Where the order of the coefficients appca« «> be inrerted by tlu> 
operation. 

66. Corol. 5, By jncreafing and diminifbing the roqt of ao e- 
quatioD, by a proper quantity, we may diminilh the ablblute 
term, and thus render the folution of commcDfurate' equations 
more Ginple and eafy (;7.) 

Proposition XXIH. 

67. In the geneial equation A+Bjf+C** + D*'+, 6rf. 
— a+ix+cx*+<ix^ +, ^c where the fame powers of the fame 
variaiU quantity (x), are found on both fides of the equation : 
If we fuppofe the quantity A, to be equal to the quantity a\ the 
coefficients of the iaine powers of the variable quantity (x), will 
all be equal. 

68. Corollary. When therefore the quantity A ts usually c- 
qual to the quantity a, the value of the cxprdlion will be deter- 
mined univerfally : And, when we affume the quantity A, equal 
to the quantity a, the value of the expreflion will be dctemiine(( 
agreeable to this assuuftion onlt. 

£*. r. 
Suppofe 2 Ajf + iBk' + aCj;' +20** + lE** +, 

isc. =2 A X + ^B — Axx* +8 C — 4Bxy' +i'6D^1^C+B 

Here 


W 
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Here 4B— A = aB B = iA 

8C — 4B = iC ....C = 5A 

16D— I2C+ B = jD D=:iA 

32E — 32D+lSC=2E E = f A, 6c. ic. 

And, thus it appeare, tha^ cither of the above exprcffiona il 
equivalent to this feries, viz. , 

aAxjc + 4x' +^;c' +iJC* +f^' +» i":. 

Ex. 1. 

Suppofc — +^ Ax +-Bx'-t- '''-Cx'+ "LOx'+i 
1 It tt n n 

ic. =A+ ;B + A X X + 3C + aB x *• + Jb +7c " «• 

+ 5E+4Dx»* +, dc. 

Here alTuming A = , 


TheniB+A=:iA .. ,. B=fIIZA 
n an . 

3C + 2B = "b . .•. . C= ^i^B ' 
1 5" 

♦ D + 3C=^C ....D=:;ri^C 

1 4n 

5E + 4D = ^D E=^iiD 

And thus, upon the fuppofition, that A= — , the ralue of ei- 
n 
wer of the above expreflions la equivalent to this (cries, viz. 

nan 3 re 4n 

^-li! D X* +, ^f. 
SI 

Scholium 
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Scholium. 

69. This propofition is the foundation of all Sir Ifaac Newton* 
difcoTcries in !V[athematical Aoalyfis : And upon it defends th< 
l¥holfi of the do^ine of infinite feries^ approximations^ ire. 

PaoposiTioii XXIV. 
79. Suppofing my hi to reprefenc any affirmati?e integral num. 

m m 

bcrs, if the quantity v* — «", be divided by the quantity v — zj 
the quotient will be equal to 

1 


« — i 


V v\ V 


{«) 


I -¥ 


+1- 4- I 

v\ V 


n 


(«) 


This is Mr Landen's Theorem, upon which he founds tiis R£< 
siDUAL Analysis ; and it is eafily demonftrated by divifion. 


71. Cdrol. I* By fuppoGng ti= r^ the quantity * 


M ill 

t;» — 2* 


V 


m 


Vanifhes altogether, and tJbe feries becomes >- x v^ 

n 




This 


quantity _ x v« is therefore called the Limit of the 

n 


fraftioti 


V' 


v — - z 


-9 when both the terms are fuppofed to yaiii{h« 


72. Corol. 2. Let the variable quantity x, be fuppofed to be 
Increafed by the quantity V) ; then, when x becomes x'^Wy it is 


m 


^ident, that jc" will become jc+w^"> the increment acquired by 


m 


jc", being jc+wl" — *"> when that acquired by x, is (w, or) 

^ + w — X. If therefore, we fuppofe, v zzx + w, and z rr x, 

then 
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• a 

>bol bjr fiibSitittioii iiBljnJL' - -r— ,-— ■ 




X+W — Jf 

X + ^ 


~ : And, if wc fup. 




fc„f ... Jr+w)" — x" 

tofc «rt» DMiiSj, tlie.(liiaiititj -^ vanilhei altoge. 

je+Tu — X 

'W, andtbe feric iecomei — x x'"', which, therefore, 

ntbeLiMiTfjijoraw^anMltf ::^ i Or, »hlck 

» Ac fame, the ratio — x *" ~' : I, isacctJrdingtoSir Ilaac 

Nwon, tic tTtTimiTE Ratio of the inctemciits i+qj]] ■ _ 
** and * 4- '4» _,_ j,_ 
7J- Corol. 3. Soppofe o=ei +Q^ and J=:i +R i then hy fuh- 


V.M-Q — i+R O _R 




Fhl' 


• ^ J«"' 

'+0.1 •+Q.I 1+0.1'' 

H Here 


•58 


MATHEMATICAL 


Here f-ippo/lng i +Qs=i +R, the quantity "'+Q. I' ^ +iM' 

vaninics altogether, and the feries becomes _ x i'+TF~i'~ 


74. Cord, 4. Si^pofc 1+0^]"= I + A Qjt- B Q^ + C Q-" 

+ DQ1+, 6e. then i + R i" — i + AR + BR' +CR'+ 1 

DR*+, ift. And tiicrefore, i+Q^ j"— i + R "rsAoi Q— R I 
+ B X (V~_"R^ + c X Q:— R' + D X Qi— R« +, (iycfro* 


whence we h'STt 


q_- ir 


. =A+BxQ+R + 


C X 01 + CtR + R- +, At. unimMty. 

Here, fiippofuig q=n, the qiimtiiy '''^'' ~ '+^T 
' Q_— R 

vanillics altogether, and the feries becomes A + a B + 3 C Q^ 


+ -tDQl+, <i<i = " X , +QI'' 


(73-) 


jj. Cotol. 5. Since then _ x i+Q^," =4 + 2B<J + 

3CQ^+4DQl+> ifc- therefore, multiplying both fides by 
i+(torT+"<0' »=b»e-xT+Q3- = A+ iB+A 


5iQ^+jC + 2B«Q1 + 4D-i-3CxQ;^+, 6<:. = — +- 
A CL+ - B Q; + ™ C Ql +, 6e. bjfuppoCtion (74); whence, 

takinfi 
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m 


*' m 


liking A = — » it ia, (as ia 63. Ex. 2.) i +Q_] « = i + ,y 
ft 

n 2 n n iiv ^n 


m 


*l6. Corol. &. It appears ffom the hft corollary, that i+Q^l" 

. m -. . f» m — n ^, ^ m m — tr tn — m^ 
= 1 + ^Qji--. . Q^ + -. . . QJ 

n n zn n 2 n 3 n 

/_i '1 

I 


»+ - q+ - . 0!:+- . q:,+5^^. 

n n 2n ' n 2 a ^n 

m ^ tn — 7w — «_, m — m — ji — m — la 
:s I Q > • ..^.....^ Q*— ^ ^- ,^ 

n n ' 2 n n z» i^ , 

^ — , <bc. by a£lual divifion* (7, 8.) The feries, in this cafC) 
as is obvious,, can never terminate. 


7^» Corol. 7. Thus : then it appears, fuppofing — to be a- 
* * . . ... n 

^\ number, integral or fraftionaJ, afBjrmative or negauve ; that 

i + cr]»=i+ -.Qj'^. 01+ ^_ . 

n ^ n xn , n, zn 

m — 2n 

QL+> ifc. which is Sir Ifaac Newton^s famous binomial 

.3 71 

theorem, inveftigated univerfally, ~ according to Mr Llnde.1'5 
method Y>^,;r^. 

?8. Corol. 8. Let P + P Qj-eprcfent any binomial, tlien, fincc 

Iff Mc fn * 

P + PC^]*» = iC x7?q^fc (S), therefore, by the laft co- 
rollary 

* Olfcourie conccttiiiig the RifiJual Analyfis, pages 6th-. ant 
7w». 


r 
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ronary(77),t+PQ_]- ^P,+ -AQ,+ - 1 B Q_ + 

D E, 

*"".'" C Q^+ ^-Tll^ D Qjf, *c. Here P is the firft term, 

3 « 4n 

Q^ fecoad divided by the &i% — , the exponent^ ^nd A, h^ 

C, P, E, lisc. the foregping terms with their propfr Ugns ; and 
this is the general iurmula, called the Binomial Theorem, at 
given by the illuitripus inventor, Sir Ifaac Newton, is bis kttei' 
to Mr Oldenburgh, 13th June 1676 ; whiich letter, was tranfmit- 
tcd by Mr Oldenburgh to M. LeilHiitz, on the 26th of June 1676 *. 
By this moll excelknt theorem, we can multiply and diridc, in- 
volve and evolve all quantities, whether terminate or interfflinate. 
We iball illultratc this theorem by fome eafy examples. 

£x. I. Suppofc we *ere to raife 18 fo the 4th power, fierc 
i8 = io + 8i and Co P = ic, O = — =a-, and_=:-, (K 
m = 4, and /!=:r, 

V" .....,.....=: loooo as A 

m . _ 4 _ 

— A Q__= 4 X loooO X - , . . 1 . . . , , , = 3Z000 =: a 

B 0= ? X 320.00 )c 5 := 38400 = C 

in a 5 ■ ■ ■ 

" " ' " C Q^= -X 38400 X 1. ..... . = 20+80 = D 

S« 3 5 

;= 4096 == E 


I 

L 


"P+PQ3] «= 78]* ..... ^ = W4976 

• Sec Commercium Epiftolicum, ^ 49—57 ; as aUb Dr Wallit'^ 
Algebsa. 
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And the £rme may b& derived by dividing x8 Into any otber 
tiro parts. Thus: Singq 18=56 + 125 therefore, P = 6, 


<^-"-^=« 


M 
pi 


m 


• — \' 


•- xT- -M 


AQ^ 


n 


2n 
iM — 2 » 

3« 
4'» 


BQ^, 


m 

:3s 10368 =i: B 




, =r 41472 s=I> 


• •«l^ ••••%•«%«« 


• =20736 = E 


MkkKM 


*■■' ■ - S -'ii * 


£z. 2. To extract the fquare root of the i^umber 2^ Here 

. ^^ tn 1 

3=51 +< J whence, Ps5i| Qj=i|and —=??-, or 9^=113 

P^ ....... . 


f^««^«»**>^ 


= i=A 


« ^ 2 


^ w tf * • % ::; > rs K 

2 


2 « ^ 4 :; ^ * * * * ' ' 2.4 

CQj= — - X — .: — . . . , . z=i — — = D 

6, . 2«4 9.4.6 

_ '-35 


w— 3 n 


A n 


PCL=— ->^ ^'^ 


8 2.4.6 


• • • m, 


M>*&*8 


^ 


fSrr, 


^r. 


Here the law of the feries is obvious ; and Vz 

< <-3 

— + - "^ 

2.4 


= H 


I-3S ^ I.3-5-7 


2.4-6 2.4.6.8 2.4.6*8.10 


iycw 


Ex.^, 


I • 

i 


»2 
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Ex. J. Toeitrafl the fquarc root of ■»* — »». HcreP^a', 
l^= — — , — =-, or m=: i, and n=z2. 


.r-.^7^ . . . 


2. ;3«=:A 


4 2.a a* ' 2.4.<i' 


m — 3 
3» 

-CQ.=- 

irc. 

■6^ a.4.«> a- 

*f 


it' 

Here the law of the feries appears; 

anJ f <>■ 

— x» 

or? 

=?1- 

;=« — 

IT'S?" 

~ l6? 

5«' 

28 a' 


*(. 

£».4. 

To detertnlnc the Take o 

•J! 

~ina 

ftries. 

Here 

y«'-. 

■■J 



,-i 






~, — = , orm = — I, anans='3h 


" AQ^ — 1 x! X — . 


= :=A 


4 2.fl* 


. . . =JL,= B 

2. d* 

. . =±i!=c 

6, 2-4. « «' 2«i,6. a' 

At. *£. I 
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I * • . . . * 

Herejtlie law of the ferics is obvious ; and tf*— y*^"""» ^j 

- + — 7 **■ rr ■*■ T-'y +> ^^- ^^^ thei-cfore, 


«■ *»■* 


• 1 3 9 


^]! 2 :v* 5 jc'* 4c jc^ 


Ex, 7. -j/a* — jc* =a*_jcM"? =: 


■ ■ I . « I fc ^ 


*^ X 1 ^ ill __ iil __ 6a« 21 :c» 

»DltH^,°'°'' ^' '"'^ ^^^"'^ ^'=" '" *''« '>ft corollary, may be 
ffifnl; "n"''"''^& ^''■'^•"atc or ihterminatc, cither by fub- 
ntation, or by conneftjng the terms properly with the vinculum. 

1 r^verfif *"// •' '^^"'.^'^ S'^ IfaacWwton's two theorems fot 
We reverfion of fencs, and all others of the fame kind. Thus : 

v-afcl. Suppofe i;=Az+B z»+C 2* -»■ D 2* + E 2* +, «2?f. 

A A' A' 

+ 5;ABC--A»D--5B» i4B*--2. AB» C+(SA' Bd 

.A' ^" — ■ a9 

+ 3A^C»-.A»E ^ a. A 

Cafe 


L 
It- 
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Cafes. Suppofev = Aar + ?2'+C.z» -^Dz^ +, 6f. 
■ I B 3lJ»-'AC 8ABC— A*D— i2B» . 

_, ^5B^^g5AB» C + ipA*BD + sA»C-~A'E ,.,j 

, "I* » ■ » ■ ■■■ i*' t ill ' . , , " ' I *i I I ". I 

• » ~. ♦.••-- A** 

mr !!« + « «e+2« 

Cafe m. Suppofc V =5 A 2 -f B z +C2 + 

I 

0'"z +, ire. Then -(fuppofiftg ut^^—j z:=zu 


m 


B 


I + « 


M 


m + I + 211'B* — 2 m A-C — ^ 


tt 


mA am* A* 

i--g;m* +9mji + 9^71* +3f» +6tt •f'B' 

m + 3« + t 


MkdHa 


^*A^ . 


Bx: 


D 


u m 


m A 


<?afe IV. Suppo£e.^x i; 4- A v* +x t/^ +-^i;* +, dc ^ 


/; — *A* 


A 23 4-/2* +» ^r.' Then v^*"- v -♦■ 

a 


V* 4- 


*— 2^AB— cA^ 


v^ + 


A 


Where A, B, C, D, .6c. arc the<:oefficientspf thefirft^ fctt^tttlj 
ihird; 6c. terms. 


i 


£jc. I. Suppofe If =:i?~-i z* ■+ 4 z* ---i 2* +, 6c. 

• y» v' t;* ' t>* 

Then (Cafe L). = v + ^ + — -*- jjj^ + -^^^ 


> J 


—^ 
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Sx. %• Sappofe v 
Then (Cafe Q.)ss8v 
6e^ 


=«+*«» -HtV*' +rf*«* +, *^* 


v^ 


V' 


■I m «i*« 


1.2.3 i*^ 3'4-5 I.2.3.4.5.6.7 


+* 


Ex. X. Sappofe t^issr— — +■ —^ — — .- +, drr. 

2 z 6z* 24 «' 

Then (Cafe in.) :& = t; + ^^ + ^— , ifc. 

' 2 W 12V' OV* 


1381 
2880 


z\ 


Ex. 4. Suppofe i; — T V* + i v» — ^'^ v*> 6ci 
Then (Cafe IV.) v= I 2 + " 2* + " 2^ + 

Proposition XXV *. 

A 
80. In the finglc equation ym :=: N, fuppofc :^ to be a near 

ap^oxlmation to the value of y •, then, by continually fubftituting 
cne apptoziaiating quantities into this general formula 


Bl 


fn 


B 


«— « 


The talue of j may be determined to any degree pf accuracy • 
Or, uniTerfally let ay^ + *>• "~ ' + c jr« ""■ * + rf jm "^ ^%ifc^ 

22 0, reprefent any affe£):ed equation ; and, fuppofe - to be a 

B 

tear approximation to the value of jf ; then, by continually fub- 
ftituting the approximating quantities into the following general 
formula^ the value of y may be determined to any degree rfaccu^ 
racy. 

General Formula. 
«— 1 a A" +■ m—2*A«—«B4'w~-^cA*" — »B» +,*(-. 


i«*i 


«aA«— * B + m— I * A« — » B* 4- w— 2cA"»— *B» +»dr. 

I This 

* 9^ Maclaurin's Algebra^ Simpfon*s Algebra and Sele^EsercifeSi 
^ alfo E|QAerfon*s Algebra. 
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This propofition k demonftrated directly by Sir Ifaac NewtosiTs 
BinomiaKTheoremi (78) *, and the general formula will refolve a- 
ny aSe£ted equation whatfoever. Thus : in the quadratic equa* 

A^ +cB* 

tion, y^ +hyz=zc, the approximating quantity is " "^ — j 

2 A + ^B xB 

in the cubic equation, y^ + by* 'tr cyszd^ the approximating 


2A+^BxA*+rfB3 

quantity is r3Zr — IT — * ; in the biquadratic cqua- 

3A + 2A AB +cB* xB 

tion, j^* + ^^* + cy^ + dy:=zCi the approximating quantity is 

JaJ+ 2 ^ a B +7P" X A* + r B* 

"~ , ~"'7'— T" — 9 and thus, from the 

4A' +3/^A'B-l-2rAB* +rfB' xB 

general formula, you may derive the approximating theorem for 
any equation. 

Ex. I. Suppofe y^ =r z. 

A I 

Here taking - =: i (= ; for the firft approach to tlie root ; we 

B i 

have j^ = - for a nearer approximation, jigain^ taking — itr - 

n A 

we have y^z: - for a third approximation. Alfo, taking — = 

12 ' B 

17 34^^ 

—y we have j r= for a fourth approximation. And taking 

1 2 2448 , 

— j: , we fliall obtaih a fifth approximation, which being 

B 244S rr » 

reduced, will give ;f=: 1.4 142 13 562378, nearly. 

£j:. 2. Suppofe)^* = 12, . 

y A. 1 '''^ 

I Firft approximation, — (=:3) = -. 

.B I 

Second ■ t (= l±21 ) = t 

B ^ 6 2 

* See Mr Colfon's Commentary on Sir Ifaac Newton'ii Method of 
V Fluxions, p. i86. — 191. 

tljif4 I 


; 
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-^. , A 49+48 97 

Third, — (= ) = --, 

J B 14 X 2 28 

«. 1: A, "5?^* + 12 X "28)*, 18817 

Fourth, -^^—-^ ~)= — - 

15 194x28 5432 

Yif^Yi^ A 18817U + 12 X 5432^^ 708J 58977 _ 

B "^ 37634^5432 204427S88 "" 

3.464101615 i377S459> nearly. 

Ex. 3. Suppofe y^ — 2 j^ = 5. 
' Hereis=i> ^ = o, ^ = —2, aml.d^;::5. 

I Firft apprpach, — (= 2) = - . 

Second, ^ (= ) = — ♦ 

B 10 10 

Third, I (=£!£iZ2i2f.) = i'.7l'. 

^"^^^ 5615 

•p . A 2x11761.1' +5x561?]' ^^ 

B 3 X 11761^* X 5615 — 2x5^* 

41 98744.32 C0a7 

^ rT T3 3 3/ =z 2.09455 1481 701,. nearly. 
^975957316495 




£x.4. Suppofe j^' +^^3^ +p* Jt^-r*' — 2p^ =0, to deter- 
mine the value of j^ in a converging ferie$, (uppofing x to be Imall 
in comparifon of y. 

Since x is fuppofed to be fmall in cot!opa,rifQn of y^ that the 
fwies may converge; therefore, to determine the firft approxima- 
tion, fuppofe X to vanifli, and v/c havp y^ +/>* j' — 2/)' =0, 

jriiich gives y :^/)^{57)==: — . Then, reducing the equation tp a, 
proper form, viz. 


J'^ '^P^+P^^y — 2/>' +x' x/ = o," 
It apj&rs diredMy, that m = 3, a= j, ^szo, rrrjJ* +J> jr, 
4t^'^^'2p^ — x^f czzza. Thus: 

Firft approicb, -: (=/>) = -. • ' - * 

B 1 ' ♦ 
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aa.. 


3d 


V 


B "* 256^' +i6o/*y+6o^^x* ■♦•109/* x»+25^*J?+s 6^* 

64^ 31a/* 16384 />* 

8f. Coroh T* Altbough this Dropofition is gentnh yet in re^ 
fblving literal equations {Ex. 4.} tne fellowiDg method will often 
be found more eafy. In a litersd affe&ed equation, inToWing tiro 

• » + r I 

variable quantities, x, ff aiTtinic yssrAx ^'Bx ^ 

n + s n + 1 

C X -f D X , &f. And, inftead of j and its powerSf 

in the propofed equation, fubftitute A x" and its powers; then, to 
determine ;i, fuppofe the two leaft exponents «qual for an afcend* 
ing feries, or the two greateft for a delcextding one ; Subfthutc (he 
f alue of n thus obtained, into all thefe exponents, and having 
taken the lead fpr an afcending feries, or the greateft for a de* 
fcending'one ; fubtrad it from each of the reft, and the remain* 
ders added to themfelves, and to one another, all pebble ways, 
will give the values of r, J, /, &c. And as for tbo ceeficieiirs» 
A, B, C, D, 6c they will be obtained by Prop. :^X. (671 68.) 

gx. I. p^x*^^p^xy + x^ — //=o, 

Here p^ x* — ^* Ax + x* — ^ A* x*" ^o. 

Suppofmg 12 4- 1 ;s2, we have n=:i, 

Exponents, 2, 2, 6, 5, 

Remainders, 3, 4, which give die numbers, ^, 4^ 6, 7, 8, 
9, 10, 6c. for r> ^> ^j 6c» 

Thus: For an afcending feries, jr=iAx + Bx*^-Cx' + 

P X' +, i;c. 

p^ x» =;>♦ x» 

r * I 11 III II I ii I wii III. „ , , 



;=:q» 


Therefore, 
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Therdbiei eqtndog Uie hoauihgem tarau^ (69). 
>*— /*A=ro , , . A = i 


69 


— ^'*B— /A*550 


— >* C + 1 SCO 




*••••••« 


6c> 


5«' 


/' P* P' 


J£ we fvppole 5 «xc 6» or » :«; I }) we {ball b^ve for a iefeending 
ieries, ^ssA*'' + B * -^* + C* ~** 4- Dx-^^ 


*,.=:f!!_ll! 


fcOTC. 


f***' 5;c*T 


A^x 4-/»Ax 4-^ Ax — x' — aj^'ji^sri 
Suppofc n 3= 0^ for w a&ending jeriestf 
$crics for r, i, f, &c* I, l, 3, 4, 5, *t, 
AndywrA+BT + Cx^ + Dx'^l-Ex*, 6r* 
jr«?=A^-*-3A»»x + jAB«**+B^*Sdr.^ 

+ 3A*C**+6ABCx' 

+ 3A^Dx» 
+ ^»jf3s+/»A4-^*Bx4->*C»»+^»D;^Sf5rr: 


=cu 




•■ • 


• « '« • 


-2^»=S-f^» 


- " J 


tmmmtmam 


W^mtmm 


Hcnc^ 


\ 
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Hence, (68), A»+/i*A — 2^»=o : .• . i Adsp (57), 
t .4 


3AB» + 3A»C+^»C+^B=o. . C= 


64/> 


B'+6AB'C+3 A»I)+/*DVc-r-i=o . D = - -^iL 

ire. ' . . •' . ' • - • ^c. • 

m ' . ** 131*' too** 

Thus: y=p — - x 4- + -f + -±Z — , «5rc. as 

4 64jfr ,5i2/>*. 16384/.' 

before. And this ferie* converges fo m^ch th*ijfter, the Icfe/thc 
quantity * is in comparifon df />. ' . 

f 

If we fuppofc 3« = 3, orn'zrr, wc fhall have ■— i, —2, 

— 3i — 4> — S> ^^..forr, /, f, &c.. And- hence, the ,de* 

* • 

fcending fcrics, y = Ax + B -I- C ;x: + P :ic "" *, 6r. = 


3 3^ 


+ - f iic^ vjz. by proceeding 


81 X* 243 x» 

as above. Which feries, as is obvious, will converge fo much 
the fafter, the grestfer x is in comparifon of />. ' 


A3 x3« + A* x^''+Ax« -iS ::so. 

Suppofing 3 ;j3fe3i or.«=:i. 
Then -r«, t-:2, .-rr3> ^Sr^:, =s: r, j, f, &c.. Aid, 
Hencf, ^=^A* + B +CAr-^« +0*—% 4&r. 
jr' = A^'i^ +3 A* B V» + 3 A* C X + 3 A* D-\ 1 

! +3"AB»* + 6ABcC^c. 

+J'*3= '+A***+2AB"*+ b»7 


/• *. 


'*'y=p 


'+'Ai+' B 


i* ■■ 


'.=?•• 


■ 4 


Then, 


^ 


pp^' 


analysis: s:^ 7* 


Then (63), A' — i =q ; . ... . • . . . . A =c,i ^ 

3A»B + A»=:o^ . ^._-. . . . . B=— ^ 

3A*C + 3 AB**+2AB + Az=o . . . C = — ^ 
3A*D+6 ABC + B'+B» + 2AC!;+B=:o.D=: ,Vr 

* eSrc. ' * 6c\ 

I 2 7 ^ ^ 

Thus :y:=zx — - — -^ — + ^c. And this feries, as 

is obvious, will converge fo much the fafter, the greater we^ fup- 
pofe X to be takeu 

If we fuppofe n = 3> then y^zAx^ + B 3tr*^ H- C jc^, ire. for 
an afcending ferias; sAfo'yii'^t fuppofe inidz'ti^ or w z= o, -then 
v=A + fi jc^ + C x^y ifc,\ wtich will give an afcending feries 

alio, . . / 

82. Corol. 2. Having fubftituted the'value^<rf-n into all the ex* 
ponents, as in the lafl; corollary, let each of the exponents be 
fubtrafted front the ncxt^greatcr for a feries of differences ^ then, 
if the leaft difference be divided by the great eji common meafiire 
of all the differences, the leaft nulnbef which can be divided by 
the quotient '{4Q)> will be ftrch a divif{>r:of tlje Jtaft difference, as 
will give the common difference of all the ^exponents in the feries 
for_y. Suppoiing, therefore, this common difftrence to be re- 
prefented by ri we (hall have the following feries for y^ vi:^ 

X +BjC^ -I-CjC ' 'TUX ^, ifc. 

Where the common diffefence r'muft be* taken as affirmative of 
negative, according as the feries ia to ^cendor defcend (8i.} 3 

Ex. I. j^' — p^ y + pxy^^x^ — 2/>.\x^ = o, • -^'i 
3 «, nyn+ ty 3^ o. . Suppqfe n.:=:o..T 

Exponents, o, o, 1, 3, o. ' " "^ 

Differences, i, a, whereof the gccat^. common meafure is, 
I T =: ij and r = i, (81.) 

Heftce»> =s A + B x '-f C X* H- Dx S 6c. as before. 

.' . ■ * 
If we fuppofe 3 n :;?= 3, orn = !• 

Exponents 3, r, 2, 3, o. 

Differences, i, 1. Greateft comnaonnieafurc, i. 

Hence,>=i=— 1,(8 r.) and ;' 

jrrAx + B+Cjc-' +Djc-% c5fr. as before. 

Ex. 2. 
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£jr. 1. / -«^ jr* 4" 9^ x» — x' 2s; o 

$nf 2nf 2» 5*' Suppofeana2i ornaiii 
Exponents, 5, 2| 3, 3. 

Differences, i, 2. Greatcft common meafore I. 
Hence, r = i, and 

tf we fuppofe 5 » =: s, or ft =zf, 
Exponents, 3, i^^ 2, 3* 
Differences, f , i. Grcateft common meafore, t* 

The leaft number, dinfible bf f, is 4, (40.) And f divided 
by 4, gives f for the quotient. 

Hence, r=^»f, and 

£x.3. jr» — ^xjr+x'=o, 

3 91, n -4- 1, 3. Suppofe n 4* I =2 3, ornssa* 

v.. 

Exponents, 6, 3, 3* 

Differences, 3* Greateft commoft meafure 3« 
|a:i, andf=S3=::r. 

. Hence, jr=Ax* +Bx' +Cx% 6^. 

If we fuppofe 311 ss 3, orn^Ki* 

Exponents, 3, 2, 3. 

Differences, i*. Greateft dMnmofi aieafore, i« 
T=si, andrs:— !• 

Hence, y:£zAx +B + C*"**, 6r* 

83. Corol. 3* If it appears that A bath iranous f^laed, fom^ 
of which are equal to one another, it is obvious, that the nun^fr 
of equal values will vary according to the particular value we take 
of A« Thus : If a, tf , tf , b% bf r, reprefent fix values of A, the 
number of equal values of A will be 3, 2, or i, according as we 
take A equal to 4f, £, or c. Therefore having, as before deter" 
mined, the value of n, let the differences of the exponent bf 
which n was detetminedifr and the other exjionents, be now taken 


v?^ • ^ 
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fis a feries of tiiffereoces; let the lead ^^fFerence be divided, bjr the 
greateft comihoh meafure of all the difFarences, anxi the lead 
number, (4$), that can be divided by this quotient, and the nutn-* 
ber of equal values of A, will be, in every cafe^ the: diviibr of 
(he leaft difference, and the quotient the true value of r* ^ 

Ex. I. x^— 4^"^x*-|-6|rx'-— 4^^x'+jfV+ioa:'^— 6y*=ro, 
5, 4n+4, «+3i T« + 2, %n^ i, 4^, 4«. 
Suppofing 2 « + X := 5, or n =s 2. 

Exponents, 5, 5, 5, 5f S» t> J^- 

Differences, 4t> 4* Grpateft common meafure, \. 
4-i-4'=4xi = 6. 

In this example, A has 4 equal values* And the jieaft nuni* 
(er, divifible by 6, 4, is 12^ (45.) 

^ = ^ and therefore, r =: — j^ 
Hence, ;f = Ax* +B*^^-f-C x* -fr-Dx + E jc^, eSrc. 

^x. 2. — -L +x;» — 2x»/+x'jf+ TcT — °' 

9 », 3 n + 1, 2 n + 2, It + 3, 14. 

Suppofing an4"2 = n + 3, orn = if 

Etponents, 9, 4» 4i 4> I4- 

Differences, 5, lo* Greateft common meafure, ^f. 

tn this example, A hn^ 2 equal values. And f^e leaft Aum-' 
^r, divifible by i, 2, is 2, (45.) 

^2=aTf or r=s2 4* 
Hence, jr = Ax + Bx'* + Cx^ +Dx«*, (S^r. 

(Ex. 3. a*^*— .2«*Xjf +tf*x* + x*jf* as:o, • 

an, ^ + If 2^ 2 n Hh 4* Suppofe a n ==: 2^ Qin ^SiXf, 

Exponents, 2, 2, 2, 6. .^ 

Differences, 4. Greateft common meafure, 4. 
$ == !• And A has 2 equal values* 

The leaft number, divifible by i, 2, is 2, (45.} 
4 = 2 = r/ 


» 


,7n 
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■ 84% Cofol. 4. GeneraJ forms, for upproxiiaaiing infitiite vet- 
verging f;;riiC9, may eafiljr be derived from this propqliiioaj aqd 
Sir Ifiac Newton's Binomial Theorem, {78.) Thus : let 

reprefent iiny inBftite con'Vel-ging ferids, and !« xht fbtlowtng ge- 
neral expretiions be aJTumcd as appr6}ctmat'i8'i)S to tbe value of the 
propofeii feries, viz. 

-— , Firft ap|iroximlCion. 


' 1 becona apprcumatioa. 

I -t-Pj." 


- A jf 


» + « 


I Third approximatioo. 


Then by fubftitution> and comparing the - homologous termS) 
(6SJ, we have 


, Fird approximation, w^hc/c P = - 


ab-^b'—ac 


I Second appro;[imation, where F = 


•b—cx' 
— -, and A^ i^ — . 


X , rhird approximation, where rS 

i-f Pjf + Cij.. '^^^ 


•See Sirlfaab Newton's Analyfis of Equations, coorifliog of an in- 
finite number of cerms, with Mr Colfon's Cotnmeiitfiry on Sir I&« 
Newton's Fluxion*. s'Gravefanik's Algebra, Slirliflg on Series. 
Maclaui in's Algebra, and Enberfon's Algebra. 

t Sec Mr Simpfon's DiiTertationst p- 99- 

■ffe 


Wc may alfo approximate any infinite converging fcries, by af« 
(amin'g a fraction, whereof qq^ pf the terou isthe firil term of the 
propofed feries, and the other confifts of quantities to be determin* 
ed by fuppofiag the fraftion eqa^ to twoor more of the initial 
terms of cheferiQ^. 



Ex. ir Suppofc 2 ax X* + 3 ^ ** — x x%«5rr. 

to be an iafiniop canne^iagferiesy tb$ qu^tity x bejog Cmallf 

*«*. /2tfx ^ cab 2ax . 2axB 

Jlfluxne ( -*, — rsr^zax-^^ 153- + r— r- 

\A — B 2 A A* 

t ; then comparing the homologous terms^ 

. 2 a X 

cox , 

(68), wc have A =: i> and B = — ± . Thust c ^ x ia 

2 I + i 

2 

2 ax 

t)ie ftrft appreximating fraftion. By divifion, 5^x=:2/tv 

X "^ - .-■ -~ 

2 

Kab 2^ab^ 12c ai' 
— i-^- jc^ . + .^i X* r4 Jc*, ire, therefore, fop- 

2 4J 3^ - 

poGng the propofed feries to be reprefented by M , by fubtraflion^ 


2 a X 


8a» I2$ab^ 

wc have . c^jf — x. + ■ x*,6r.=:M, or, 

? + 3 3? 


2tfX -*T .- 

5 ^ X » 


* X — — — 


<irr. =:-M. 


4 
Hence, to determine a fecond .^ipprp^i^ating fra£ltioTi» 

.^ fT77y \ — V , yr^' 

Affumc I 1 zn) 2 a X — o^xx i— ^ == 

^Vc + Dj ^ 4 

— — f .♦..••; then, comparing 


tiie honmlogous terms, Vc, bare C cc r^- and 5 D x 2 <* x 5C 

fi«K«l£iL tyhicb'gives''thcratiolJ:2«x=:i.— j a 2<i -v , 
4 • 4 I .:. 

L 


Lt.^ 
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and of confequcnce, D = — — . Thus ; 

4 


^^ 


c ^ jc — . 4 X cb X = M nearly ** 

+* - — I + L 


=1'- 


Ex.2. Suppofe AwL +4Am*L»+f Am'L^+^Aitt^ 
Li% ebr. ta be an infiAltc converging fcrics, (3= P.) 

Vc+p -* . ^^ c 

— ---J — ^ t • 5 thcnCsri, D=— ^ml') 

* A w L . 
and — — is the firft approximating fra£tioxl« By divifion? 

-^ "* L. =;zAm L + i Aj«»L» + iAm»L» +i A.j»*L* + 

I — imh 

-i^ Am' L* +, ire. therefore, by fubtra<Jlion| 

Tl\en, for a fecond approximatingTraftiort, 

Aflume (II^^^ = ) ^A;72»L^ +frAm*L* ias^ 




TT 


E 4* 

E =: I, F = — Jw L, and therefore, 

^ A wj L ttAtw^L' - . .:..'. 

P = ., , 6c. 

1 — imh I — 7hh 

*■ • • • - - ' 

' A i T 1 

If now we refolve the (radion 2Z— ^ , by divifio^i anq 

* This approximation is that given by Mr Strnpfon, ukhout anjT 
invefiigation^ in ^is Essaysj p-.47f fqr d^erpainijxg tho equation of 
a planetary orbit. Very ingenicus foluticns of Kepler's Probletn, 
have alfo ^een given by. §ir JEfa;ic.. ]^?>v,ton, Mif M^chixlj 1>r JKcild 
Dr Matthew Sttvirart, i:c. ' ' 

proceed 


t- 


J 
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ftbceed as before, we (ball obtain a third approumatlng fra&ibnf 

iHe. - ;= II -^ nearly. And thus: 

I— -"^wL I— 2mL 

V. AmL irAm'L' . frAm'L' . 

r zs — + --, 0c. very near« 

ly. ^ ' 

IPropOsItIon XXVi. 
S^. Suppofing n to reprefent a number : The meafures of the 

ratios : i, and I +nit; br| th^ logarithms of the quan« 

tities' ) and i -4^ n^ wxl} bd exprefled by iht following in* 

finite feries^ vi2« j^ 

i — n 


Where M, (which may be expounded by any humber taken at 
plcafur^) is that Quan'tity, called by Mr Cot£s» The 

MonULVS OF THE LOGARITHMIC SySTEM** 

.... . • 

86. Corol. 1. If we combine together the feries for the loga*' 
rithm of -1 — ^9 and that for the logarithm of i + ;!» we (hall 

obtain a fingle feries« which will converge much fafter than either 

fj^ies,in this.propofition, viz* 

t^ • _ ___ ' _ 

I — » 
From this feries, therefore, to derive the logarithm of any 

Quantity, P, we muft fuppofc P = , and hence n = - — 

% proper f ra&ion, and of confcqucncCi in every cafe, a converg- 
ing quantity. 

^ Harmonia Menfurarum, Prop* I« « 

87. Co;;)L 
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Sf« Corol. ft. Sm^ the mpdu^ M is^ be inteiyr^tpd^qr ^ 

Hy numbers taken at pleafure; tbereforci dif^i^rent logarith- 
mic numfaor^ faaf t)e (lmv<)4 from the fan^^. ferie9» (8$» 86)>Jbf 
taking for M different numbers, Tims : If the moebihts M = i| 
the logarithms produced- wiU be thafQ pi^lifted by th^ illuftrious 
invBUtq^ ef logarithms, viz* T)ie Honourable John Napier Baron 
of Merchidon ; the logarithm of any quantity P, beiag9 la thai 
cafe, expounded by 

But, if the wadulus M^i, oTt if 2M — t, .ths^t is» ifipc hs^ire 

all Kapler's logarithms, another feries will be produced, called 
N^^TifHAI- l.ef^^i^iT>H{MSj|b999ufe,Hi4^%cale| t}ie logarithm (^ 
P, is expreiTed (imply by the ferieSy 

And hence the natural logarithms are properly the OKimsitf^ 
or Radical Logarithmic Numbers. . ff 

88. Cdrol. 3. 'Let Q^pejprefent the infinite feried^ -predueii^ 
natural logarithms, then, luppoiing M, m to be the moduli of a* 
NT two djffyc^nt logarithmic Ty%m;^ itis evident, -that ajl loga- 
rithms, in TH£$E fyftems, will be proportional to the moduli ^9 
flf. ^terefare, ;ftiKpofingX to;repre£imt a log^ithm jn the fj* 
flem, v^bereof^ tbC' mod^us is M, ;ind i/ > a logari thi9 in tb<: otbe^ 
fyftem whofe modtettts is m, -vse faanr^ the XWP itlt^zsL;/. 
According to Napier's fyflem, where the- modulus is unityf the 
i logarithm<of io.i« xhe number .2.502^58, j^r*-and a^cord^ng^to 
Kapier's improved fyftem, as publifhed oy Mr Briggs, the loga- 

I ' - • 

*• JO2C0, wf« 

the modulus of^the common fyftem of logarithms. •'Thus: If we 
divide all the bgarithms in JJsMrcp Napi^f'^fjfllwxb -by his loga- 
rithm of 10, or, if we multiply them sul by the rccipro«U-of his 
kxgarkbm of 10, we:ihallh«vle ihe ||qEm^hms.in;^(:Qm^a||r- 
ilem• 


89. Corol.4. SuppofeMx n=tz4«* +;f «» =±=1«% 6^r.=L» 
then, by reverting this fcries, (79, Cafe I ) we have n xs 

L L» L» L* , J / r 

_ qp — : — 4. qp , , err, and ofconfequencc, 

m 2.M* 2.3. M^ .2.3.4.M'^ * • "< 

(fuppoCng 


JAi 


AT^AiV&TS. 7f 


(fuppoCng — ^ ffl} I =p»^ f =¥=<« JU .*r 


*— • 


M 2 a. 3 

, 6ri:. By this feries, we magr^ t^^Wmn)^ ifaemud^dr .1^ 

from the logarithm L» being;g|fe»b 

90. Corol. 5* As the feries given in tit kft corollary, cony erg» 
very to^jt tvitim L h large, therefeve^ ta lexniedy tfait d^{b^\ 
find, by a table of logarithms, the next lefi loganthm to that given^ 
fetting afide the chara6lerifl:ics, ^d let A oe. tht tMxtihtr tcir* 
lefponding thereto : Thepy if z reprefent the number required^ 

A 


^^« (*9)» afid therefore, 2 = A+AniL + ^Aw*L* +iA»i* 

v/^t. =A^. _£!^ ^ "i^L'il! + fiA^Jil 

i-^40iL i-^mli i'*^2inl» 

terynearljr, (84. ifx. 2.) Here, ijtwc tajsethe twofirftferms 
^ Ihf sbftreviated . feriq^ at aa approximation^ near enoi^ 

fctptiiaice, we {haU have ecx A -h ^^^fe^+**^*^ 

and hence, the ratio M — tL : M + 4L=sA;«. 

£x. Suppofe s'^' =3 1 .06 to determine the value of r. Here 
365 xL. a:==l4,i.o6 (=L. a + L. 6.53) = o.0253©5865i6477 
oy Mr Sharp's table *, and therefore L. t f= 0.00066933 1 Ufji : 
By Sherwin's tables, the next Icflci" logarithm to that tf 5:, is 
0.0000434, and Nmnber A^i.oooi, and £r6m th« firft ttrm 

^j M the logaritbnic feries (86)i wegctL« i.oo^i ( :::3 L. 

10001 

' ) = 0.00004342727683 (=22 M K n) =: L. A. Thus ; 

L> 2 =0*000069331 13771^ 
L, A = o.oooo434i7276B2> 

Jl') — = 0.000025903860^9 ss I^ 

A . 

i.oooisrA 


A L = 0.00002590145 1 a|6dl5. 
See Sherwin's ublest a&d Sftliijp*s GMmetry; 


M=J 


L.. 




So MATHEM^TICAIi 

M S0.43439448 19«3* $ (S') 
f L =s 0.0009I 295 193042 

M— iLs=<K34i8i5a997i»S 
^1^.550.0000596535874 

AT' 

And z(=:A -f -r-rr) =^ J-ooQisp653S874» >y *« «^ 

M— TW 

leeediiig ^j operation^ 

91. Corol. 6. If, iriftcad of taking the niimbcf tbrrcfpondlng 
tothencxtlcfflcrlogariAfn> as in ihc Uft corollary, wc take that 
corrcfponding to the next greater, and call it B; men proceeding, 

. BmL i 

as in the laft corollary, we fljall have :?? =xB — -—7-7 — r 

l^J!ilil ~ itJ?'^!^., ibr- and tah'hg the two firft terms, 
as an approximation near enough for practice, ^ =* B -*• 

BmL ^ M^fLxB^ and hence, the ratio M + tL? 
i + twL M-ffL 

M-iL=B:«. ' 

Ex. Suppofe 2»^*=:i.o6. Here, 1 take, from Shcrwln's 
tables, the number corrcfponding to the logarithm O.ooo0434i 
to fix places, viz* i.oooi6 (= 7.6 >co.47 >^0'28) = B. 

L, B = 0.00006948155878, by Sharp's table. 

L, 2=0.000069331 r377i 

1,, — = o,oooooc:>iso4tiioa sr t^ 

z 

B L = 0.0000001504450873651 

M + tL = o.434294S57"376 

B L . 

= o.oooooo3404i02» 


M+iL 

And therefore, z ( = B — ^^zj) 

CE 1.0001596535897 very nearly, as bpfor?, ^ 


J 


'J4 


" NoU. TTle modulus for the comttion logaritbmj, frqm Napier Ss 
!«» ... * 

^•434294481903251827651 1 28918916^ ^c*. 


> « 


. 93. In any fcries of quantitiES ^1, ^, c, rf, e^Ag^ &c. if there 
be taken all the orders of the differences of the terms, and if A, 
B, C, JD, E, ifc. rcpfdl^^^h^ ferft Mfr*tts 6f the feveral orders 
of-diarapcntea.: Then, if T r^refent the firft term of the order of 
— . - . - ' •"' ' 7i — f - 
'diffetehces dcfnoted by «, it will be T =: tf — « i + w. 

c— n.^-Zli '. ^—-d, 6c. Where the feveral coefficients of 
2 3 

in, h, Cy dy &c afethc UNCii of a binomial, raifed to^ a power 
tooted by h, (10^ ^), and tfie (quantity T .itfelf will be. affiiT-* 
matiVe or negative, according af n is ah eVen or odci number. 

DEMONSTRATION. 

Scries, i, *, c, d, ^, /, &c. ^ 

)?irft differences, fi-r^aj c—ir d—Cf ^ — 4 /— ^, &c. 
Second, -— — c — 2^ + tf, J— 3c+>, d— 2^+^, fe:* 

Third, i— 3r+3*— .^1 £— 3^+3^-^*> *^V 

fiDtifth, ^r'-^4cf+6c—4h+dy &c. 

•. . ,. , Thus; • . . J 

Bzir tf — 2*+(r '^^ 

C = — tf + s* — ^c + d 

Ess — /t + 53 — 10C+ ioi-^Jfr+/i ^-^ 


i -1 


*Se^, on the fubjedl of Jogarfthms, DrWallis's Algebra, dhap. 
XII. Sir Ifaac Newton^s Fluxipfls, Sharp's Geometry improved* 
Shcrwin's 'tabjr ff, 'Hi- ''Dfedfon'S' Antilogarlthmic Canon^ ^Mafcrts's* 

L Or, 


hfak. 
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• . . .w 

— E = a — 5^+ ioc«^iorf 4- J^— yi 
6r. ^ dc. 


And hence^ (109 78.) * 

<i — fi ^ T* n» c — w • • » o ^n ;2. — . III. 

* •:. . * J. • » • 5 ■ 

'• 1 Cf &c; =:=i=T| according as » is even or odd« 

Sx» I. Required the firfl: term of tHe Jtfr order of differenced 
in the feries, l> f, Jf, f, tV> *^« 

Here n = 5, and therefore, «— Tsii— 5*-|-ioc*— iorf + 
5r— /=TfV; or, T = — tV. 

Ex. 2. Required the firftof the 8th order of differences- in the 
feries, i^ 3, 9, 27, 81, 6r. 

^ y ' \ 

Here n =r 8, and tlierefbre, T= i — .'8 i + aS f — 56 <f, &c. 
= 256. ■ - 

Ex. 3. Required the firft of the 4th order of differences in the 
feries, i, 8, 27, 64, 125, &c. 

Here n=:4, and therefore, T:sza — 4^ +6r, &c. = o. 

94« Corol. I. If, from the equations in this propofition, ve 
derive the quantities, ^, r, d^ e^ /, &c. in terms of a^ A, B^ 
C, D, 6tc. we (hall have 

* = a + A 

c=:i» + 2A + B 

c/=fl + 3A + 3B+C 

^=a + 4A +6B-I-4C + D 

/=a + 5A+ioB + ioC +5D-I-E, 

6c» ifc* • * <^- 


■ » 


« . i 


And hence, it appears, that the value of any term in the ferieSf 
^> *> ^f ^* ^}/9 &c. whofc diftance, from the iirft term> is de- 

( noted 


..^ 
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noted bv II, will be «+« A + ji. B+ «. . , — _^ 

C + n.1^.'!:Zt .:!tnD+, i.. (», ,8.) 

2 3.4-.. 

Or, if we uke in tlie firft term a, of tke feries, 4, t, c, d, e, 
f. Ice. the fitb term of thi> fenci, will be 

. + izil A + ^=1 . 2n£ B + ^ni . "-xi . ".met 

X 12 12 3 

. ± . ZD +, 6c. (10, 78.) where the 

1234 
coefficients ar« the tiNClJB of the {wwer denoted hj n — t. 

For a^a . , 

b = a+ A 
£ = a + 3A-t' B 
d = a + 3A+3B+ C 
*==j + +A+ 6B + 4C+ D 
/=fl + 5A+ioB+ioC + sD+E, 
6c. 6c. 

And thus it appears, that any term of a propofed feries, may 
be accurate^ deternineji when the djIFefenfes of any order are 
equal among themfelves. 

Ex. I. Required the 20th term'of the feries* i* 8, 27, 64, 
125, 6<r. ? 
Hcreu^ij A=:7, B=:[2,.C^£, P=:o» andnc=20} 

therefore, o + 19.A + -^^ B + '^' ^ '' 2 C = Sooo, the 

I. 2 I. 2., 3 

toth term required, 

£x. 2. Required the toth term oi the feiies, i, 3, 6, 10, 1$; 
31, 6c. ? 

Here «=:i, A ^2, B=lt C^o, and )i:=20} therefore; 
*+ 19A + 19. 9B = 2io. 

95- Corol. 2. If wc take the equation! in the laft corollary, 
(94)1 expounding the twms of the propofed feriee,-^, *, c, d, e. 
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/, &c. and cDlk£l the terms into one fum, wc fliall \i»x^ ttie fi4r 

iowiiig cqustioiis, viz. i . : - .- • 

a + i+c = o + 3a + 3A+B 
fl + i + c + £/=o + 40 + «'5+'4B + C . 
«+4 + c + <J + e=:o + 5 a + 18 A ■% loB + Jp +P 

6e. 6^. ! 

And Ijence^ie, 78.) 

' ,. + „.'.ZiLA + n.'^=Ji."-Z:^t+.."JZl. 

2 23 a 

3 4 234s, 

wll be the fum of n terms of the {eries, n, ), c, (/,'*, /, &c. 
By this thcoremj therefore, which was firft giveii by Ac illu- 
ftrious Sir Ifaac Newton, we can determine the ftitn fHany num.' 

bcr ot terms iQ any proposed IcricB. 

Thus : The fum of n terms of the fcrics. 

'i 3i 3i 4i • ■ • • f • "J^ « + 1 X -. 

» . , = * -— - n an + l 

J, a, 3, 4. - ■ - ■ TJ =« + !>'->« : 

2 3 

lj3)3)4» • - • • f =1 +^1 X - X ; 

s z 

In thefe examples, if we fupppfe n to te gfeattr tban *»; tif 
RgnahU number ; then, 

The LIMIT of the fum of the infinite ferics. 
Ii »» 3» 4> ■ • • • . • « =«xin. 
J » 2 , 3 , 4 , . . . , «* ^ n' X f n, 
1)3, 3, 4> ....n ^n xis. 

' UniTeriyiy, 


r^ 


AH A 1-^-^1% a:. ^ 


w " ^* ^T ^" ^F « "^ "* I ' 


' 


And this general examp]^ ppmpreliefids the whole 4>^<T?}MSr 
Tic oi Ikfimxti^s? * , 


r < 


. 96* Corol. g. If we fpppofe (he fenx^ of the lerles>W^ h -ff 
.^ .<}J^ j^P to b^; placed, or arran2ed;i^.in'(uch a w^y« |S tbaj: they 
icn'^Y be ait an uKir^s diAance from each' other, viz* a^ . >, • c^ 
. d^ . ef .ff ifc. Then, if n re^efent the place or ntfhince of atiy 
tenn, Xj to be interpolated y it will be Ji;:s=a +.n'A'^l^. 

; — :— B + «. . ■- C 4., orr, {94.) And, as tms 

« * 3 •,•■•' . 

Talue of X is perfe^ltly ^ccurate, when x is any term of the ferieSf 
#> ^> ^> ^> ^9 /> &c. to It will bie /2?i//y iruey whenVia any in- 
iermediate term« * - ~~ ^ ■ 

. \ • - 

J|jc. I. Intheferiesi ~, — , — , — , —, dr. le^ that term 

50 5» S^ S3 54 

Ibrrcqmred, vhich ftandsin the middle^ ^twecn — -^qd -*'•• 

• -• ' ' '• " • 52 S3 

• - • - •*. 

Here « = 2 -, and therefore jc =:« + - A + '-^ B + ^ - C 
2 . a • 8 " 16 

Ex. 2. Having givep the logarithmic figns of i^o> !• i* 
I* 2', and I** 3*, to determine the logarithmic fign of i° i* 4o'^ ' 


f< 


Here (1*1*40*'^ — i^ = i'40=:;;) jf = «. *. 

/i=:8.24i8553' A ^ 

>= 8.2490332 .* • . * 71779^ 3 

^ = 8.2s6Qg43 .... . . 70611 . •».u68 C 

if =28.2630424 . . . • 69481.. .— 1130 . • 38 

^ = a +-A + -JB — 1. C;;= 3.2537533 very nearly. 
• ^ '3 "9 81 

j^. CoroK 4. If^ire fuppofe the terms of the feries, a, I, ^ 
</i ^, y^ &c. to be anyhow eijuidiftant, and that the quanti^iest 

19. 


t6 


M A T H E M A T I C A L 


. • » • ... 

in the firfl; order of difference, are fmaU| it is evident^ that ^ the 
quantities, in the fuccefSve orders of differences, will continualif 
approximate to equality ; and therefore, the quantities^ in the laft 
Order of differences, wUl vani/h^ or be equal to nothing: And 
thus, having any number of terms given, w^ can; by this prbpd« 
£tion, determine any quantity that is wanting, in the feries, either 
accufktity or marly i by fuppofing the firft term T, (pj), of the 
correfponding order (n)» of differences! to be equml to nochinj^.^ 

I. A I i — * 


^. B 

3' C 
4. D 

6. F 
7-G 

4>t 


tf — a* + c 

a -^3 ^ 4" jr + rf. 

a — 4^ + 6r + 4<:/ + ^ 

a — sf + IOC — 10 (f + 5^ — / 

tf — 6^ + 15 c-— •20^+15^ — 6f^g 

fl — 7^+21 P — 15^ + 35'— 21/+ 7^— *> 
6c. 




I n 


■^ rf + ». 


n — a 


^3 


» — 3 


Cy &c. 


Ex. I. Having given the logarithms of the numbers, lOf^ 102, 
104, and 105, to determine the logarithm of 103. 

Here, by fuppofing a — 4*+«c — 4^ + ^ = 0^ we have 

c = I ^ 2,012837a nearly. 

6 ' 

11=2.0043214 

i = 2.008600a 

rf= 2.017033 J 

fzz 2.021189} 


4 X * + is= 16.1025340 
^+<=; 4.02JSIP7 


(J)i2.o770233(=s 
2.0x28372. 

* 

Ex. 2. Having given the cube roots of the numbers^ 45, 4^» 
47, 48, and 49, to determine that of 50. 

• Here, by fuppotng a — 5^ + idr — lorf+S^-^/sso/ ^^ 
•h5ive/=a — s* + iO(r~io</+5^=:3.684033. 


J 




■f «■■ 


N. 

45 
4<J 

47 
48 

49 
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3.556893= a 
3.583048 = * 


H 


3.608816 zs'c 

3^634241 —^ ' 
3.659306 =; c 


tf + 10 c 4- 5 e:^ 57.94^683 
5 * + 10 rf= 54.257650 


/* 3-684033 


=r Vjo nearL]^. 


98 Corol. 5. If the term^ of theJeries,^ dytf r, <f, ^, &c. 
be fuppofed to be placed at anj unequal diftancesy in manner fol* 
lowing, viz* 


— X 


» 


* 4 


HL 

M N. 

(/^)P. 

(?)Qv(') 

R. 

WS 


a 

* 

- c 

d 

« 


' 

' '■ 

y y 


> 

LctA 

p 



■■ 

• » 

4 

_r-*p_A-A 

* 
f 



• . 


• * 


<« 


rf^f'__A — A . . B— B 


-4*1 


— i 


Iff 


«< 


A=± ^««: 


A —A • 


B — B 


C — C 


-»•-• 




Then, the term y^ correfpondlng to any place jc, will be 


^ + A X a:— m *4*B.x x---»tx ir-r-OT + ^ +C X X — m x 


*-^ »»+^ X X ^-m^p'irq +, ;d^.. wher^ w reprefetits the 
diftance (M N) of the firft term frpfn.anyniven place (M.) Or> 
if wc fuppofe the point M to fall upon the point N; then, 

y^a + A X + B X X x—p +Ci X x-^p x x — p — q + 

Dx X X— />. x.;X — p-^q.^ X — p — q.-^r ■+", &c. continued 
^ the fame nnmber of terms with the feries a, b^ o d^ e^ &c. 

•o The 


1 


I 

I Phil( 

I ram, 

I nicS 

V 
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The invcftigation of this general theorem, for interpolatiflg «* ' 
ny ternt^df a feries, is b;re omitted, as being more tedious tban 
difficult. 

,J^X. I. Given a oiimet'a diftatlce from tBefrat, on the follow, 
ing dajsk at la at itig^t, to find its diftaiice, JDecember 20* at the 
lame hour. 

DecemBer 12 . . . diftaiice 301 =<i 
ii • • ; . . t 6iosst 

-'■■■' ■' s4 ..'.■... }is:=c _ 

i6 : . : , . . 772=1/. 
Here jc f=:26'^ii)=8i the time after l)ec. ia. 
i^{=aii— I2>=:'^, f (—24— il) = 3,artdr(=;26— -24;)=:ai 

AUb A== — =:3j, 4444:B^— H?- =:_o.3l4, and IJ 

z^- 1^ — 1= — 0.023?! *hencc) then ^=586.9831 the 

14 i* ■ 

(»met's diftancet Dec. 20, at 12 at night. 

Ex. 2. Given three diftances of the fun from the tropici and 
the times of obfervation. To determine the time df the follUce, 

December 20 , . . . difU- 39''='* 
ai . 4. . . . 4, 6 =sS • 

24 .<..... 74 =sc . 
Here ^{=21 — 10)=*, and j(=a4— «)=S^ Alfo, 
Ast-Js, andB=^— = 13 ~i whence jr= 39 — 46 '^X 

+ 13 — jc'=o, jiheing ilothing at the time of the folftice: ' 
And thcfefare, «=i.3i32, aridx^i-ojBj (rf, a?.) •• 

99. Corol.fi. Inthcferics, a, i,' c,i,t, f, &C. if we fbp- 
pofc, that there is the fame ratio between Cverjl two adjacent or 

» See Sir Ifaac Newton's Principia and Quadrarane of Curyes,-— 1 
PhilorophicHl Tranfaflions, No 361,— Cotes's Harmonica Menfura- 
n,ra,_SiirIing on Series,— Simpibn'sEffajrs, ^i and Enterforfs CH- 
nic Seftioas. ' ' ' 

contiguoM 
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eontiguous terms, then, are the quantities, a^ ^, r, r/, ^, /, Sec. 
i iaid td be in continued proportion : And, in any feries of this 
i kind, all the orders of differences arc in the fame continued pro-, 
portion, alfo. For, fince by fuppofition, the ratio ^:^=^ : c 122 
r : rf=rf:^=r^:/, Sec therefore, by converGon and alternation, 
the ratio (aibzzz) a^-^b: b^^cizib—'Cic — d:=tc — d-.d-^e 
zrrrf — ^:^— /, &c. (13); and, by continual converfion and 
alternation, the fame will appear with regard to all the orders of 
differences. 

100. Corol. 7. In the feries of the laft corollary, let the ratio 
m : I be the common ratio of the feries; then, if we fuppofe this 
ratio to approach nearer to a ratio df equality, than to any o- 
thcr afEgnable ratio whatfoever, it is evident^ that we fhall have 
the firft differences, a—rb^ b — c, c — d^ d — ^, e — /, &c. 
very nearly equal to one another. And therefore, in this cafe, 
j4ny poii}er or root of any term of the feries will have the jama 
ratio to the difference of the fame powers or roots of any two ad- 
jacent termSy as the term jirjl ajfumed to fuch a multiple of the 
common difference of the terms y as is denoted by the inuex of the 
given power or rooty nearly. Thus : 


The ratio a*xa* — ** = tf : 2 x a — b 


a^ :a^ — b^ zzza 13 x c/ — b 


* nearly* 


a^:a^ — i* = u : 4 x a — b 


Unirerfally, a*:a« — b^z:za:m xa — b) 

Alfo, 


I I 


The ratio a^ : a^ — b"" =a : i x a — b 

X t 


a*^ : a"^ -— ^"'^ =: a : -J- X a 


d^ '.d^-^ b'^ = a:ixa — b' 

MM M 


r nearly* 


7 


Univerfally, a^ lan — b ^=za: 7 xa — b] 

And hence we derive a very eafy method oi approximating the 
roots of all furds or radical quantities. 

Ex. i. Suppofe ^==2, and ^==1/2. (80.) 

Then a* —■ ^* : 2 x a — ^ =r a* : tf , which gives b=zi nearly. 

M Alfo, 
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Alfo, fl* — ** : 2 X tf — b-=zb^ ih^ which gires A = | nearly. 
As the former approximating quantity i is greater than the root, 
and the latter nearly as much lefs, therefore, by taking the in* 
termediaU quantity, we obtain 44 ^ near approximation. And 
by repeating this operation, the root may be determined to any 
degree of accuracy. 

Ex. 2. Suppofe a = 3, and b =^V^i2. (80.) 


Here ** — a* : 2 x * — a =r a* : tf, which gives ^ = 1. 


Alfo ft* — ^i* :2 xft — a^rb^ :bf which gives b=z V*» 

And by taking the intermediate quantity) we obtain the frac- 
tion l^a near approximation. 

Ex. 3. Suppofe rt = I, andftrz ^1.06(90, 91.) 

Here * — a : 365 x ft — « = a : a, from which ft = 
365.06 

155 165 ; Itff 

Alfo ft — a : 365 x ft — ti =r ft : ft, from which ft = 

386.84' 

And by taking the intermediate quantity, we obtain 1.0001597 
a very near approximation to the root. 

Proposition XXVIII. 

loi. If we affume any quantity at pleafure, and therefrom 
derive a fcrics of terms, increafing or decreafing, by equal dif* 
ferences ; the terms of the feries are faid to be in continued 
ARiTHHiETiCAL PROGRESSION : And One half the number of 
. terms in the feries, will have the fame ratio to unity, as the fum 
of all the terms to tht fum of the two extreme terms. 

Demonstration. 

Let ^, v, "repref'jnt the two extreme terms in a continued 
arithmetical progreflion, whereof d is the common difference of 
the terms, n the number, and s the fum of all the terms : Then, 

ac- 
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according as we take a or v for the leading quantity, the feries 
ivill be expreiTed by the following terms^ viz, 

Cf a dt=: dy a dt: 2 df a:±^^dj a:±z/^d\ a =4= n — ixrf(=v), 

V, vz+zrf, v=p zdj T;zf=3 J, vz:p:^d . v^fzn — I xi(=:fl.) 

And thcfe feries being perfeflly equivalent (tajcing the terms of 
the latter backwards, or from right to left), it is manifeft, that 
the two taken together, will be double any one of them ; and 

therefore, a + v + a + v + a + v + a + v^ &c. to n 

n 

terms, = (« + i; x » (5) zr 2 J", from whence the ratio - : 1 = / : 

d + v, (16.) 

Q^E. D. 


102. CoroL I. Since, then adtzn — i xrf=: v, and v 

zifzn — I x</=^, (loi), therefore, n — i xissaco v, and hence 
thcrj/w I : » w-i z=</: ijco V, (16.) Thus: In any continued 
arithmetical progreffion, unity hath the fame ratio to the excefs 
of the number of terms above unity, as the common difference 
of the terms to the difference of the two extreme terms, 

103. CoroL 2. Hence, in a continued arithmetical progref- 
fion, if any three of the five quantities, //, v, </, w, and j, are 
fuppofed to be given, the remaining two may be determined, as 
in the following table, where the cxpreflions belong to an in- 
creafing progreffion, and may be applied alfo to a decreafing pro- 
greffion, by making the quantities a and v, change places every 
where. 


Cafes 

Data 

Quaefita 




v 


1 


I. 

<Si rf, n. 

4 





s 




\ 


Determination. 


:=za+n — 1 x J, (loi, 102) ' 


:zz nxa +d x 


n — I 


M 2 


11. 
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II. a,J,v 



=v+- 




="4^^^"- 

III. 

«,<),< 

Lu 




=1^ Mx^d+d»ir+d^ij 

IV. 

..,»,' 


.i 

21 I 

Z.+*XW_fl 

aj — u+a 

V- 

fl,n,j 


" 

</ 

2 / • r I 

I ^2t — 2na I Z 

VI. 



i 


* 

n o + if 
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vn. 


dfV»n 


vni. 


d,v,s 


IX. 


df Tlf s 


X. 


n,VtJ 


"* 


^ir^v-^n — I x(/(ioi.) 


\s \zznxv 


dx 


n + i 


r 


= ». (/=±=y V X v+d+dx2s — id 


vzpl/vx v+i+Jxw— 4 


I 


"T^ 


^l 


V 


z= T//xn — I (loi, 102.) 

n 


^=_ + 4ix« — I (lOI, I02.) 

n 


2 J 


= — — v=: 2 J — wi/x -(loi.) 
n n 


2V .2 v-^s 

= + X . 


n 


n n — I 


n 


1 04. Corol. 3, Since univerfally ^i=-x a + v {loi) -^ 

2 


n 


therefore, if tf = 0, then / a= _ x v. Thus : the fum of a con* 

2 

tinned arithmetical progreffion, whereof one of the extreme terms 

is a cypher, (c), is equal to the other extreme term repeated as 

often us there are units in half the number of terms in the feries. 

105. Corol. 4. From Cafe I. in Corol. 2* it appears that 


i^^n xa +dx 


n 


; therefore, if we fuppofe a = 2, and d=z 


? alfo, then s^zn* +ni And, in this cafe, s is called a Pro- 

NIC 


1 
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uic Number. Tlias : pronic numbers arc produced by adJing 
together even numbers in a ctnuinucd arithmeucal progreffion. 
Continued Arithmetics^ Pregceffioii, 2, 4, 61 8, 10, ii, 14, 16, <hc, 
Proiiic Numbers Numbers, 2, 6, la, 10, 30, 42, 56, 72, *f. 

MoreoTcr, fince n* + b:^/, therefore^ (26)) n^ V A''t- — 

2 
the pronie root of theyumber denoted by s .- And hence, if we 
increti/e the quadruple of any propofed number by vnity .- then, \ 
balf the ixc?fi of the fquare raot ofthisfum, above unity, -will he 
tie Tronic raot of the propofed number. [ 

106. Corel. 5. Further, Cince umYcibWjJ^xnxa+da j 

2 
therefore, tfwefuppofe a=i, and^^2, then j^n*: And, 
thus ^11 fquare numbers may be oinGdered as originating from ' 
(he addition of odd numbers in a continued arithmetical progref- 

Cominucd Arithmetical Progreffion, r, 3, j, 7, 9, 11, 13, i J, 17, iic, 
tiquare Numbers, i,-^, 9, 16, 2j, 36, 49, 64, 81, ire. ' 

107. Corel. 6. From the laft corollary may be deriTcd a' ge- 
neral thcoriem, for determining hovj many odd numbers mull be 
added together to produce a given power of that number. Let 
the giveu number be n, the exponent of its power m, and the 
f.rft tf rm of the feries a ; then, fince in a fcries of odd numbers, 
the difTcience of the terms is 2, (106), and number of terms u, 

by fuppoGtion ; therefore, {s=)n =:kx<i+« — t, and of con- 

fequence<2=:n ~« — 1: And thus it appears, how powers 

of all dimenGons may be obtained by the summing up of odd 

numbcrB. 

Thus : SuppoGng m =2 3^ and expounding a by the number* 
2. J. 1, S. 6, 7, ire. 

a' = 3-^S 
3' = 7+9 + ir 
4' =13 + 15 + 17-*- 19 
S' =21 + 23 + 2; + 27+ 19 
6' =31 +33 +35 + 37 + 59+ 41, 
vc. iic. 

Again : 


L . 
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Agaui : Sap{K>fing m £=4, and expounding n as before. 

2*= 7 +9 ' 

34 = 25 + 27+29 

4*= 61 + 63 + 65 +67 

5* = 1211 + 123+125 + 127 + 129 

6* =^11 + 213+ 215 + 217 +219 + 221, 

And we may proceed in the fame manner for any other powers. 

108. Corol. 7. If we take the common arithmetical progreffion 
of natural numbers, proceeding regularly from unity, and ter» 
minatin^ in any fquare nnmher^ the ternn of tlws progreffion 
may be fd difpoied within the cells of a geometrical fquare, that 
the fums of each row, taken diagonally, laterally and vertically, 
(hall be the fame; and fuch arithmetical fquares are called Ma- 
GIG Sqjj ARES. Herc, as the fide (or root) of the terminating 
fquare number, may be either odd, evenly-even, or unevenly- 
even^o, in the conilrudiion of magic fquares, there may be 
three different cafes. 

109. Cafe I. When the fide of the fquare number is odd. 
Range all the numbers in their natural order within the cells of a 
geometrical fquare ; this fquare is called the generator^ or gene^ 
rai'tng fyiiAte. The diagonal and the Uteral middle column of 
the generator, give the vertical middle column and the diagonal 
of the magic ^uare 5 at the extremities of the diagonal of the 
magic fquare, defcend and afcend vertically, one term, increa- 
fing and decreafing ; continue upon diagonals, defcending and 
afcending vertically at their extremities as before ; and the re- 
maining cells will be filled up with terms contiguous to thofe, at 
oppofite extremeties of adjoining columns vertically and laterally, 
continuing upon diagonals as before. 


Generator, 
Square of 3. 


Magic Square. 
Side 3. 


I 

2 

■? 

4 

5 

6 

7 

8 

G 


8 
3 

I 

5 

6 

7 
2 

4 

9 


Gene- 
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Generator. 
Square of 5. 


Magic SqjjarE. 
Side 5. 


' '\ ll A\ ( 

.. ] ill ,.|,o 

Mi^I'llM.! 

,f..,|,S|,„» 

21 12|21|34 25 


I7|24l i| 8 

'i 

'3\ 5I 7ii4 

IIS 

4| 6|I3|20 

22 

10|12|1(||JI 

1 

..|.8|25| 2 

9 


Magic S(yiABE. 
Side 7. 


Magic Sqijake. 
Side 9. 


1 1- 

,8| ■■ 1 |i0 2ai 

4f 

,1 „ <i|27 2, 

S|.7 20|j5i7| 

( 14 

i6|24 23|,ft4S| 

IT i<: 

24h' 

42I44 4 

2.2! 

>'U 

43I .! '2 

22jlM40 

i|l, 20 


47 

sS|69|8o| . 

■2 

23l34|4S 



6S|70 

911 

2 = 

» 

44I46 
54l!'> 

52 
77 

78 

8 

10 21 

32t4< 

,S 

22 2 1 

42U,i 

5(|66 

6 

I7|i9 

3041 

^2 

6!|6ii76 

16 

27 

'-Q 

40 ^1 

62 

'4 

"rl* 

20 

,8 

;'/ 

;o6i 

7' 

74 

4lH 

1-. 

(8 

40 

6071 

73 

3 

.4|2, 

SI 

48si)i7"|8i 

-1 

M 

24|lS 


J 10. Cafe 2. WTicn.the fide of the fquare number is evenly- 
even, or divifible by 4 t- 

Here we mull firft conllru^ the magic fquare, whofe fide ia 4, 
the lead evenly-cveti number. In order to whichi having form* 
ed the generator as in cafe 1, let the terms on both diagonals re- 
main, and cichangc the other exterior terms crofs-ways witli 
thofe that arc oppoCte to them, and the fquare will be completed. 


Generator. 
Square of 4. 


Magic Sqjjase. 
Side 4. 


!_i_ 

1 8 

1) 0(1 
1314I1 

|I2 
1'" 


" "; 

14 4 

M 6 

7 9 

8 7^1 d 

■. it 2U6\ 
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Haring thus obtained the magic Tquare of 4, all other magic 
fquares, whofc fides are evenly-even, may be derived by ranging 
all the terms of the progrefHon into two rows ; the terms in the 
upper row called yma// numbers, being in the natural order from 
unity; and the terms of the lower row called the complements of 
the fmali numbers, being in a retrograde order, fcparate both 
rows, by drawing a line through them at every eight number j 
then thefe parcels of fixteen figures muft be formed into fquares, 
according to the method ufed above in conftru^ing the magic 
fquare 0^4, and the magic fquare will be completed, by joining 
thefe fubfidiary fquares, fo as to form a fquare any how. 

7he Conflru^on of the Magic Sqjjare, vjhofeftde is 8. 


jJtaMfkjH^li, |lc|isUH|i'li lUU lB|4ll6y« J43|»it -L^lipMi'-i^LiQ 


t \ a| 3l 4 


Si t>l 7l 8 
57ls8 |S9|6c 
Si|Q2|63j64 


Gene III TORS. 

9|i"|ni'2 

i9Mi 


nLs4liil5'' 





SUBSIDIIRT SlinAlES. 


i|r,3|62| 4 

6o| 61 7|S7 
6.| 3l 2I64 


9l5sl!4|i' 
S2|it|i!l49 
.6ko|„|,3 
S)|ii|ioi!6 


44l"l>ll»i 
i4l-i'l4il=" 


3^l3tlis|!9 
37l72 26|io 


Magic Squake. 
Sides. 


6o| 6\ 7 57 

9l!s|!i|.i 

5'|l4|l!lM 

a|!S|S9 5 

i3l"|.(j|t0 

t,\ 3| »<4 

i7|47|Ki|2c 
M|"I>3|4. 
M|4J|4.(|m 

IS iyUe|2» 
3''?»l3'l3'. 
3£3_4i3S if) 
37(27126 40 

4s|i!>h8|48 
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Magic Sqjjare. 


1 





Side 

12. 



1 i4l|i«| 4 

9 l'JSl'34 12 '7 127 126 20 

140 

7 !V 

132I 14I 15129 124 j2 21 21 
i6|ijo|i3' 13 24iJ^ii? 21 
■ ill III 0I136 125 19 ,»|ii3 

8 

■J8i|9 i 

141 

1 . .44 

as|Mi,|i,«| 28 
,„|3.|3,|,n 

.4... 

iio| j6 

4i|ios|.^i| 44 

io8| 38 

39|HJ( 

.oo| 401 47| 97 

32I.14I115I 11, 

40|,00 

■07I 37 

48I 9<i| 99l 45 

II7I i-,| /6|l2i 

..9| V. 


'Oi| 4i| 42I104 

4vl ysl 941 5^ 

s;l »7 

86 

Oc 

osi n\ 78I IS 

92I S4| SSl 89 

8,1 62 

6< 

81 

76I 7"l 7'l 73 

S< 

1 9' 9'\ S3 

64 

62 

»3 

61 

7=1 74l 7Sl 79 

P 

1 5' S"! 96 

8i 

w 

^8 

88 

77l 671 66] 80 


III. Cafe 3. When the fide of tlie fquarc number is un- 
CTenly-even. ■ 

Here we mud firft conflru£l the magic fquare whofe fide 13 6, the 
fmalkft unevenly-even number. In order to which, lei all the 
numbers in the regular progreflion be diltributed into two rows, 
as in the lad cafe, in manner following : 

I. 2. 3> 4. 5» 6, 7, 3, 9, 10, II, 12, 13, 14, ij, 16, 17, 18, 
3''.3S.34'33.3^3''30.29>^8, 27, 26, 25, Z4> =3» 2^. ^i. 2°» '9, 
Then the fquare of 4 being the grcatcft evenly-even fquare that 
cnn be infcribed in the fquare of 6, we may take the eight laft of 
the fmall numbers, with their complements lor filling up this 
fquare, and the ten preceding numbers, with their complements, 
remain to fill up the twenty cells of the border 1 or, we may 
take the firft eight numbers with their complements, or thofein 
the middle to fill the fquare, while the other e^eme numbers, or . 
thofe in the middle and extremes remain for the border, Heri: 
then we fliall take the firfl; ten fmall numbers, with their comple- 
iRijnts for the border, viz. 

ii 2. 3> 4. 5, 6, 7t 8, 9, 10, 
3fi> 3S> 34. 33. 3^. 3'. 3°> a9» "S, 27, 
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— 5-pr 

X 

1 


z| y 






11 2, 

M 

H 








,2 16 

'7 

12 

J. 






V 

.8 20 

21 

Ifi 






z 

ijl.J .1 

a. 1 


",i "y ; 1 1 


The internal part of the fquare being conflruftei!, as in tlic lall 
cafe (i io)> and each fmall number with its complement, nuking 
up the felf-famc fum, therefore any fmali number that is plaCL-il 
in the border, muft have its complement oppofitc to it ; ami an/ 
fmall number, placed at one extremity of either diagoiiai, mull 
have its complement at the other extremity of the fame dia;^onil. 
If now we mark ten cells in the border, each with an afterifin (') 
for the ten fmall numbers, then the three fmall numbers to he 
placed in each row of the border, making up the fame fum, may 
he cxpreffed in general terms, by x, y, and z, and i, 2, 3, if. to 
10 terms, being equal to 55, (101) therefore, (3s + 3 y + .}z or) 
jxK + y+4Z = s; which indeterminate equation being rcfol- 
Ted by Prop. XIX. and its corrollaries (40 — 48) we obtain tour 
different general methods for placing the fmall numbers in the 
proper cells of the border, vix. 

x + y=:i7, 13, 9> 5 I » 


x+y+z = i8. .7,16, 15 
and as the fmall numbers x, y, z, to be placed in the bonier, may 
be derived from anyone of thefe equations, we fhali therefore 
take the laft values of x + y and z, thefe being in the le.Tfl num- 
bers. Wherefore, having placed 10, the value of 7, in the ceil of 
the upper row belonging to it, (ince the two fmall numbers s, y, 
to be placed in the extreme cells of this row taken together, a- 
mount to 5, we may therefore take either the numbers i and 4, 
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1 



1 

1 • 


- 




4 
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X y z 

or 2 and 3 ; let us take then the numbers t and 4, and expunge 
thcfe with the number 10, out of the feries of {mall numbers 

/, i, 3. 4' S. 6, 7, 8, 9, /o. 
Since the two fmal! numbers x, z, to be placed in the right hand 
row of the border, taken together, amount to 11, we may take 
for them either 2 and ji, or 3 and 8 ; let us take then the num* 
bers 2 and 9, and expunge them out of the feries of fmail num- 
bers. 

A ^ 3. /, S. 6, 7, 8, sf, ^o, 
And fincc the fmall numbers y, z, to be placed in the left band 
row of the border, amount to 14, we have therefore 6 and 8 to 
be placed in thefe cells ; wherefore, expunging thcfe numbers 
out of the feries of fmall numbers 

. A h 3.^. S. hl> f././». , 
we have remaining for the three cells of the lower border, the 
fmall numbers 3, 5, 7. The border is then completed, by 
writing oppefite to each fmall number, x, y, z, its refpeftire 
complement. 

Magic Sqjiake. 
Side 6. 
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12. Having thus obtained the magic fquare, whofe fide is 6, 
I ve may, in the felf-^me manner, conftru^ the magic fquare of 
! any other number, whofe fquare root is unevenly -even. Alfo, 
in con(lru£ting magic fquares, whofe lides are numbers unevenly- 
even, we may proceed in this manner, vis. 

Dtftribute all the numbers of the progreflion into tw6 rows, as 
in the lad cafe, feparating them-into parcels of fixteen figures, 
by drawing a line at every eight number, reckoning from the 
futthcrmoft extremity; complete thefe fquares, and join them 
into one, as in the laft cafe ; and thus we fliall have the internal 
part of the fquare. To obtain the numbers to be placed in the 
border, fro^n the number denoting the Gde of the fquare to be 
conftruiJled, take the number 6, and add the remainder to the 
numbers in the extreme cells of the fquare of 6, marked with an 
aHerifJn (*) placing the fums in the corrcfponding cells of the 
' fquare to be conflru£ted, and their 
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complements in the oppofite extreme cells. LaAly, take the re- 
muning IxnaU numbers, and diilributc them into tvo rcws, pla- 
cing 
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cing the greater under the lefler as before ; feparate the numbers 
in thefe two rows into four diviGons, and place all the numbers 
of the fame divifion in the fame row of the border, which will be 
completed by writing the complements of the fmall numbers in 
the cells oppoCte to [hem. 
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' Small numbers produced by adding 4 (^10— 6) to the numbers ia 
the aftcrifm cells of the fquareof 6. 

S. 6, 7, 8, 9, 10, II, 12, 15, 1+ 

Remaining fmall numbers difpofed according') 
to the rule, and feparated into four divlGons. 5 
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Magic Squakk. 
Side 10. 
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Small numbers feparated 
into four divifions. 


Small numbers in the afterifm cells. / 1 1 


9, 10, i(, 12,13, I4> 


? afterifm cells. 7 
15, 16, 17, iS.S 

Magic Sqjjare. 
Side 14. 
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113 Corol. 8. The general increafing feries of this propofi- 

fition ay a + dja+.2dja + ^d^ a + j^d^ . , , ^ a + ri—i x d 
(foi) becomes i, 1 + rf, 1 + 2 rf, j 4- 3V, i +. 4 ^, . . . . 

s+n—i +d fupppfing a equal to unity; and combining tq- 
gether the terms of this latter feries, according to the number of 
terms ^ we obtain the following fe ries, ex prcfTing all combinatory 

or polygonal numbers^ viz. i, i + i 4* ^, i + i +rf+ i 4. 2d 


i" I + 3 (/, + 1 + 4 ^4 . . . . I + 
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1 xd 
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The fiune cxpicffions may be wajrerhiij derived from the gcn«« 


lal pol jgDoal number i + x c by the leoond corollary 


of the hft Pn^tion {95). Thus, I + " ~'*^ x «. " 


3 ^ 

or, (taking i£z=i) n. * . "'**^ rtpicfciiu any ift Triangular 

Pyramidal ; and hence all the other orders of Triangular Pyiami- 
dals as above* 

115. Tbefe cxprc&ooa give us alfo all the fiermvtations and 
all the i^ercnt ccmhinations of quantities. The continual pro- 
dud of the feries. of laterals n, 11— i^ n — 2, n — 3, n — 4, 6c»^ 
continued to the units in n, gives direAly all the permutations of 
any number (n) of quantities ; and if any quantity occur twicci 
thrice, four times, 6r. then n, it— 1 . »— 2 . n—3 , g— 4. 6c ^ 

2.1 

A. n — I . n*— 2 . n— 3 • n — 4. Ar. n . i»— i . n — 2 . «— 3 • « — ^4 • 


3. 2.1 4.3.2.1 

"; , ^r. will be the rcfpeflive permutations. And, as for the 

combinations of quantities, tbefe, when the quantities are taken 
by two's, three's, four's, fyc. go on according to the numbers ill 
the feries of triangulars, 1 ft triangular pyramidals, ad triangular 
pyramidals, irt. therefore, fuppofing n to reprclcnt the number of 
quantities, and r the exponent of the combination, then fhail 

S + i. fZ:l±^.2rC±3.?rC±i.*r. to « reprcr 

i . 3 4 r 

fent the combinations of r quantities in n : That is. 


n — r n 

r 


J ^ ^. combinations of two quantities in n. 


n — r + 2 • « 


I • -— ^ three quantities m n^ 

2 r 


n^r + I . ^ZLlli* HZlLtj . 1 four quantities in«. 

2 3 r 

116* 
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1 16. The Aims of all the combinations found by taking o, i| 
ft, 3, 4i (be, quantities out of any nuniter \n) of things pro- 
pofed, is called the elccklm of quantities, and is cxprefled univer* 

^ folly by 2, or excluding o by 2 — 1, or excluding both o, i by 

2— w + K 

117. Corol. 9. By taking the reciprocals of the terms of an 
arithmetical progreffion, we obtain a feries of quantities, in con- 
tinued Harmonical, or Musical Proportion-, and by 
taking the difference of every two contiguous terms of the har- 
monical feries, the Law of this feries will be evident by in- 
fpe£tion. Thus : 

Arithmetical feries. a, az^y adtizd^ ^=*=3^> adb4rf, a:±:^^dy • . . 

. . adtin — 2 X dy adtzn — I x d 

I I I I I I 

Harmonical feries. — > -» -» ■ . ,» -> j 


:»■ — 2 X d az±zn — 1 x d, 

I d I d I d 


DifFcrcnce of the terms 


a 


a^^d a-=i=d a^:±z2d a^:t:2d az±zid 

L I d I I 

> -. » . } • » • • • 

I az±:;^d ar^\d adtz^d a^±^^d 
of HarmoAical feries. I x j- 

I — • — • 

J adtzn — 2 X a» a=t:n — i x d 

From the differential fi^ries it appears dire£lly, that in the har- 
monica! progreffion, there is always the fame raiio between the 
two differences of any threp contiguous terms, as there is between 
the two extremes of the faid three contiguous terms 5 alfo, that 
there is the fame ratio between the produdt of the two fir ft terms 
of the faannonical feries, and the product of any two other con- 
tiguous terms, as there is between the two differences of iaid 
contiguous terms. And hence, 

Suppofing a feries of harmonical 7 ^ g C, D, E, F,' V 

quantities reprefented by « 3 > ^» *^> *->*>••••• ▼ 

And the feries of differences by M. N, P, O, R* ..... X 
Then A=:Bd=M, B=C=±=N, C=iDdt:P, D^ztzQ, E=F=i=R, 

Therefore, 
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Therefore, . the ratio M : N=: B=i=i M : C 

M:P=:B=t:2M:D 

M:Q=:B=t=3M:E 

i|r M : R= B=±=4 M : F 


And iinivcrfelly, the ratio M : X=r B=i= n — 2 . M : V 

Thns, in any feries of quantities in harmonical or mufic^il pro- 

frcflion, there is the fame ratio between the difference of the two 
rft terms, and the difference of any two other contiguous terms, 
as there is between the difference or fum of the fecond terni^ and 
fuch a multiple of the difference of the two firft terms, as is de- 
noted by the number of intermediate terms, and the lad term of 
the feries. 

1 18. All the terms of a continued harmonical feries may be 
derived from the two firft terms only. Thus A being the firft 

A X B 
term, B the fecond, and M their difference } fince A= t 

B 

and B (= -J^— ) = (^^7) therefore the harmonical pro- 

A B=4=M 

greffion will be reprefented by the following feries of terms, viz. 

AxB,_.. AxB AxB AxB AxB 

B B=i=MB=i=2M B=S=3MB=!=4M 

AxB 

^— ^—W ^^— ^™i*- ■ ■ ^i^^^l^i^ 

B=t=«^2. M 

And from this feries it is obvious, that a harmonical progrcfli- 
on, confifting of any ivhatever number of terms, cannot always 
be derived from any two numbers or quantities A, B taken at 
pleafure. / 

119. As three quantities, A, By C, are in continued harmo- 
nical or mufical progrcffion, when the ratio A co B : B jd C =2 
A : C (117) : fo, four quantities, A, B, C, D, z^tfaid to be in 
harmonical or muCcal proportion ; when the ratio A co B : 
Ceo D=: A: D, and three quantities, A, B, C, are faid to be 
in contra- harmonic proportion, when the ratio A c/s B : B co C = 
C : A . Thus, 

Thefe three numbers, 10, 15, 30, are in continued harmonical 
proportion. Thefe four numbers, 10, 16, 24, 60, are in har- 
monical 


ANALYSIS. Ill 

* 

monical proportion v and thefe three 6) 59 39 or thcfe iz^ 10, 4>^ 
are in contra^harmonic proportion. 

120. Corol. 10. From the arithmetical progrcffion of odd 

numbers, i, 3, 5, 7, 9, 11, 13, 15, 17, 19, Sc. which may 

be continued for ever, we have ihewn how all powers of the 

numbers in the natural progreiTion, i, 2, 3, 4, 5^ 6, 7, 8, 9^ 

10, {yc. may be produced by addition only (107). Further, this 

fame progreflion of odd numbers, indefinitely extended) contains 

all Prime Numbers, except the number 25 and the law of 

the progrefGon is fuch, that between ev^ry two multiples of any 

number N^ as they ft and in their natural order in the feries^ 

there conjiantly intervene N — i numbers^ luhich are not muU 

tiples of N. Hence all prime numbers, except the number 2, 

may be obtained from the progreflion of odd numbers, by the 

following operation, which Dr Horsl y \ takes to be that called 

The Sieve OF Eratosthenes. 

Let the feries of odd numbers be continued indefinitely, 
V 3\S> 7, 9, II, 13, 15; i7> i9> ^/> *3> \S^ 27, 29, 31, 
3> 3S> 37> 39i 4ij 43> 4Sf 47> 49> S}^ SSi S5» 57* S9> <5i^ 
^3, 6s, 67, 69, 71, 73, 75, 77, 79, 81, 83* 85, 87, 89, 91, 

9Si 9S\ ^7\ 09\ '^^> '^3» ^<^S> io7> lop* 'i'> ''3f i^S* y7> 
119, 121, 123, 125, 127, 129, 131, 133, 135, 137, 139, T41, 

M3>MS, i47> H9> 'S^ IS3» ^S5» ^S7> i'59> ^^i, 163, '165, 

Then, (i.) Count all the terms of the feries followinji: the 
number 3 by threes, expunging every third number ; and thus, 
all the multiples of 3 will be exterminated. % (2.) The firft un- 
cancelled number in the feries after 3 being 5, expunge its fquare 
(25), and count all the terms of the feries, which follow the 
fquare of 5 by fives, expunging every fifth number, if not expun- 
ged before ; apd thus, all the multfples of 5 will be exterminated, 
which were not at firft exterminated among the multiples of 3. 
(3.) The next uncancelled number in the feries after 5 being 7, 
expunge its fquare (49), and count all the terms of the feries 
which follow the fquare of 7, by fevens, expunging every feventh 
number if not expunged before ; and thus, all the multiples of 7 
will be exterminated, which were not before exterminated among 
the multiples of 3 and 5. (4.) The next uncancelled number in 
the feries after 7 being 11, expunge its fquare (121), and count 
all the terms of the feries which follow the fquare of i i by elevens, 

expunging 

T Philofophical Tranfaftions, vol. 6i. p. 327. 

{ The mimbcrs expiinged have a pohat placed over them, 
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expunging every elevenA number, if not expungsd before ; an<t 
thus, all the multiples of 1 1 will be exterminated, which were 
not before exterminated among the multiples of 3, 5 and 7- 
(5.) Laftly, continue thefc expun'ftions 'till the firft uncancelled 
nurhber that appears, next to that whofe multiples have been laft 
expunged, ^is fuch, that its fquare is greater than the laft and 
greateil nuniber, to which the feries is extended. The numbers 
which then remain uncancelled, are all the prime numbers, ex- 
cept the number 2, which occur in the natural progreffion of 
numbers, from 1 to the limit of the feries. 

Thus, the following numbers are all primes, viz. 

^» [2]. 3. 5' 7» "» *3» »7» ^9' 23» 29, 31, 37. 4i> ^3, 47» 55», 
59, 61, 67, 71, 73, 79, 83, 89, 97, loi, 103, 107, 109, 1131 
127, 131, 137, 139, 149, 151, 157, 163, eSrr. 

121. The natural progrcfGon o, i, 2, 3, 4» 5> 6, 7, 8, 9, 
10, cSrr. indefinitely extended, comprehending all numbers^ prime, 
compoCte, ire, let n reprefent each term of the feries of natural 
numbers, indefinitely extended ; then, n x 6— r-i and n x 6 + 1 
will conftitute a feries comprehending all prime numbers, except 
the numbers 2 and 3. 

122. Corol. II. General theorems, refolving all the cafes of 
Simple Interest, relative to annuities, penfions, rents, i:c» 
in arrear or reverfion, may be derived by fumming th8 terms of an 
arithmetical progreffion. Thus, fuppofing p to reprefent any 
principal fum lent out for the time f, and that r is the ratio of 
the rate, or the intereft of i /. for one year, then the interefl of 
any principal />, being manifeftly in the compound ratio of the 
principal />, time f, and rate r; therefore, fuppofing that s is the 
amount of the principal />, and its intereft t r piox the time f , all 
the varieties in this cafe are refolved from the general equation, 

I + rt y^pzzzsy as in the following table. 


/>, r, t \ jzr I 'h r f xp 


Sy r, t 


/>= I -f-rf 


/, r, p 


fy Pf t 


rp 
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123* Suppofe now a to rcprefcnt any annuity, penfion, rent, 
<^c. in arrear ; then, fince i /. hath the fame abfolute ratio to 
ids rsite (r) as any annuity^ inc. {a) to its rate (a r) ; therefore, 

a X I I ft year's amount. 

a X I +^ 2d year's amount* 

tf X 1 + 2 r 3d year's amount, 

ax I + J r 4th year's amount* 
dr. 6^. 


Uniirerfally, « x i + jf — i x r amount for time, f. 
But the number of terms of this feries being f, the fum x is 


Iftf X I + 


t—x 


r(iOT, 103); and from this equation, all the 


Tarieties in this cafe are refolved as in the following table. 


a^ ty r\ /= / fl X 1 + 


f— I 


r 


X, /, r 


/, f , tf 


a= — X 


/ 


^— I 


a X 2 


f — I %a 


h ^\ ^ 


— a r r ». 


I I 

r a 


124. But if a reprefents any annuity, penCon, rent. «5rr. in 
reverjtorif then, fince the amount of i /. (122) for any time, 
(x + / r) hath the fame a bfolute ratio to 1 /. as the amount (123) 


/—J 


of any annuity, 6c* {t a x i + r) to the prefent value (/) 

of faid annuity, 6r. therefore all the varieties in this cafe, will be 
refolved as in the following table* 
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Small numbers In the afterlfm cells. 7 
9, 10, u, 12, 13, 14, 15, 16, 17, 18.5 


Small numbers feparated 
into four divifions. 
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113 Corel. 8. The general increafing feries of this propofl. 

fition ay a + J,a+.2dya + ^d^ a + /^dy . . , , a + rt—i x d 
(roi ) beco mes i, 1 4- rf, 1 -f- 2 r/, 1 -h 3V, i + 4 j^ ^ ^ ^ ^ 

j+«_i +^ fupppfmg a equal to unity; and combining tg- 
gether the terms of this latter feries, according to the number of 
terms, we obtain the following fe ries, ex preffing all combinatory 

or polygonal numbers, viz. i, i 4- i + ^^ i + , 4.^4. , •. , 

I + 1 +</, + 1 + 2 rf, + 1 + 3 t/j 1 4- 1 + ^, + 7+7^^ 

T X ^- 3 tfj -^ I -t- 4 ^x. • • • • I 'T --^ X « (103, loc). 
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I n 1 
Equation jxT]^— "I|"- =7H^k~^. 

Equation J— w '""'— r" = J— i; *. 


130. Corol. 3. As the quantities tf, u may change places 
ercry-where (127, 129;) therefore, in any continued geometrical 
progreffion, fince the ratio i : r ^ s — v : / — a if we always e*- 
poundr {which is generally called the common rath if theferUs) 
by the quotient of the greater by the leffer contiguous term, we 
Ihali bafc univerfally the ratio i : t — 1 = j — v : u aw {13). 
Thus t in any continued .geometrical progreflion, there is the 
fame ratio between unity, and the cxcefs of the common ratio 
above Unity, as there is between the exccfs of the fum of all ttc 
terms of the feries above the grcaicft or leaft: term, and the diflc- 
rence of the two extreme terms. 

131. Corol. 4. From the genefls of a contlnaed geometrical 

progreflion, it appears, that one of the extreme terms, repeated 

as often as there are units in the other extreme term, is always 

, equal 
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equal to any immediate term, at any diftance from one of the ex« 
tremeS) repeated as often as there are units in the intermediatfe 
term, equi-diftant from the other extreme ; and if the number 
of terms be o4d, then one extreme term, repeated as often as 
there are units in the pther extreme term, is always equal to the 
iquare or fecond power of the mid41etcrm. 

132. Corol. 5. Between the adjacent terms of any continue^ 
geometrical progreffion, there always obtain equal ratios : and 
the ratio of the two extreme terms is fuch a multiple of the com** 
mon ratio of the feries, as is denoted by the number of equal 
ratios, from one extreme term to the other. 

Thus, in the feries d, ar^ ar^y ar^, ar^^ ar^ j • . . /jr»"% 
ar^'^j thq ratios a : «r, ar : ar^, ar* : ar^, ar^ : ar^ j ar^ : 
ar^ , . . jr*"** :dtr»"' are all equal 5 a^ being each equivalent to 
the ratio i : r> which is therefore the common ratio of the feries ; 

and the ratio a : dr^"^ = x zr*"- =:« — i x i : r (5), 

133. Corol, 6* By ftating the equal ratios between the adj'a- 
Ipent terms of a continued geometrical progreffion, as in the laft 
corollary (132) ; it is obvious, that s — a is the fum of all the an- 
tecedent, and s-^-v that of all the confequent terms of the feries 
(127); and therefore,, ii;i any continued geometrical progreffion, 
the ratio between apy two adjacent terms, taken in fucceffion, is 
always equal to the ratio between the fum of all the' antecedent, 
and that of all the. confequent terms of the feries (15). 


A 


134. Corol. 7. If out of any feries of quantities in continued 
geometrical progreffion, there be taken any feries of equi-dillant 
terms, that feries will alfo be in continued geometrical progref- 
iion* Thus, let the propofed geometrical progreffion be,* 


ay ary ar^. 

ar 

!» '"■ 

♦, ar 

', ar 

%ar 

\ ar^ 

, ar^y 

ar'°, 

be. 

( 

'ay 

ar\ 

ar\ 

ar\ 

ar\ 

ar^"", 

be\ 



Then, the feries^ 

)". 

ar*. 

ar''. 

ar*. 

ifc. 





"1 

\ar. 

,ar^ 

» arK, 

. ar\ 

} ar^i 

i be. 





be, be, 

are all in continued geometrical progreffion ('27). 


it is obvious, that the terms i, r, r*, r', rS ^S ^*i 6*^. are 
in the fame continued geometrical progreffion as before; and 
therefore, by the laft corollary (134) the following feries are all 
in continued geometrical progreffion, viz^ 

I, r% r^y rS r'y r'^'y be. 

I, rS r% r% r'% r^S be. 
. i> ^S rS r'\ r^\ r*°, <be. 
Vniverfally, \y r"*, r^'", r^'", r*"*, r*"^, be. Thus: 
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Thus: many continued ' geometrical progrcffion, if the & 
term be any power, then all the other terms of the feries are Cm 
far pQwerSi or powers under the fame exponent* 

ijtf^CoroI.p* The feries tf, ar, arS ar^, ar^, .... 

mr^'-^y andtf, ar"^ , <rr^S flr"^, tfr'*, . . ar^^''^ may 
confidered as derived, by repeating the terms of a feries of equ 

^antities, a^ a^ a, ay a a a& often as there are uni 

in the correfponding terms of the continued geometrical progre 
fions i> r, r*, r*, r*, • • • • • r»"* and i, r""*, r"*, r-3, r- 

» • * • • r"*^ : and hence it appears, that the common ratio ol 
any continued geometrical progreflion is not changed, by taking 
any equimultiples, integral or fra£tionaI, of all the terms of the 
progreflion (i32.) The moft fimple continued geometrical pro- 
grcmons, therefore, are fuch, whereof the firfl: or initial term is 
unity* Thus, fuppofing m to reprefent any number, the fol- 
lowing are the ipoft fimple continued geometrical progreflions^ 
in the ratio of i to r* or r"*, 

I, r», r*», r'*, r*«, r**, r^, 6c. 

I, r-", r"**, r-*«, r-4«> r-*", r-^«, ijc. 

or (7, 8) 

r*, r*", r*", r'», r*w, r'w, r^»», eS^r^ 

r», r-«, r~*«, '^^■i^ r-4«, r'^**, r-<^»r, ^Jr^^ 

In thefc feries, the exponents of the terms arc evidently in' con- 
tinued arithmetical progrefFion (ici) ; and the ratios oi the terras 
of the geometrical progreflion, to the firft term, are denoted by 
thefc exponents; or, the exponents are Logarithms of the 
correfponding terms of the geometrical progreflion. 

137. Corol. 10. Since, in a continued decreafing geometricar 
progreflion, the ratio i : r— i = i— ^ : a — v (130) ; therefore^ 
fuppoflng V to vanifli, or the decreaCng feries to have no lajl 
temty and in this cafe, the ratio i : f^— 1 = s — a : a which gives 


gives 

ra ' 1 I 

j= r=A^rflx';^ r('6): and this exprcflion r a x 

r-— X ■•^ I— r ^ ' * r — i 

18 therefore the Limit of the fum, fuppoflng the feries continued 

iniUfinitely ; that is, fuppoflng the feries continued to a number 

of terms, greater ^zn any aifignable number. For, if we re- 

folve the expreflSon ray. J^T by divifion (7) y or by Sir Ifaac 

Newton's binomial theorem (78), we fliall obtain diredUy the 

a a a a 
propofed decreafing feries, viz. ^ + 7" + JT +^"7 + 7* > ^^* ^^ 


I 
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rfMta 


of 


XIII 

xi + ^+^ + ^+^ 6fc. which fcrics may l^c conti- 

ued for ever ; and as the fum of this fcrles varies continualljr, 
cording as the number (n) of terms vary, fo the varying fum 
nftantly approaches nearer and nearer, to the determinate 

1 
xe J|uantity rax "^Z/ > ^^^ "^*y> ^Y increafing the number (;z) of 

PfWernis, be brought nearer to this quantity than by any affignable 
'jjBifFcrence,; but can never, by any acceffion of terms, be made 
£tually to reach, much lefs to pafs beyond it ; for the determl* 

I 
Slate quantity r u x arifes only from the fuppoGtion of the 

^5 feries having no laft term^ or from that of its being continued irir 
definitely. Here all the varieties which can take place are exhi« 
^f Uted as in the following table, viz. 


^ 


'•r 



a* s\ r=z s X 


ry s 


az=:sx> 


I 

r 


138. Corol. II. Let ir, b be the two initial terms of a fciies 

a 
'dccresL&ng indefinitely ; then, fince^= r (130) the Limit o 


the fum is therefore > = ^* ^ ^ ^ • and hence the feries it- 

A* ^' ^ 
felf is tf + * + "7 + .X + ^ J +f e5rr, indefinitely ; or, a x 


J, — a. — -I- — -I- — "^^ ^^' indefinitely ^y with which feries, 

any decreafing geometrical progreflion may be compared, and 
the Limit of the fnm of confequence determined. * 

139. Corol. 12. Suppofing «, fw to reprefent numbers, then, 
from the terms of the continued geometrical progreffion, «»», 

n'^'^f w*"""*, n"'^S w"'"^ « the Composition of 

qua tities may be derived. Thus, the compofition of m quanti- 
ties in n is «% that of w— i quantities in n is n"*"-^, that of m — a 

Q^ quai;titie« 
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quantities in n is tz*""*, and fo on ; apd hence, from the fum of 
this cpntinued geometrical progreiCon, (130) we (hall have tbisi 

exprefHon n x . or (taking tij =:n) n x . which denotes 

n — I n — X 

all the feveral compofitions or changes there may be of n quanti" 
ties, combined all poffiWe ways, or taking them by one's, two's, 
three'3, eSrr. to m or n. Thus, all the compofitions or changes 
of 4 quantities is (rV=) 4^ = 256, taking each time 4 ; and 

therefore, n x ^ ^ == 340 is the number of all the compofitions 

n — I 
or changes of, 4 quantities, combined all poflible ways : Thus al- 
fo, all the compofitions pr changes of 24 quantities, is (n'=} 
24*^ = 1333735776850284124449, by taking each time 24; 
and therefore, the number of all poflible compofitions or changes, 

in this cafe, is » x = 13917242888872529994251284934 

02200, and fo many ways may the 24 letters of the alphabet b< 
put together among themfelves. 

140* Corol. 13. According to Euclid *, a number whick 
is equal to all its aliquot parts taken together, is a Perfect 
l^u'MBER. And if J from unity y there be taken a feries of num* 
Ftrs in the ratio of i to 2y (lyS) continued to fuch a number of 
terms y that the fum of all the terms is a prime numbery the pr(h 
duB of fhis fumy by the laft t^rm of the feries y will be a perfe£l 
number f . Suppofc, therefore, ^=1 + 2+4+8 . . .. + 
2»~*, where / is a prime number ; then 2j==:2 + 4 + 8 + 
16 .... + 2*~* + 2» ; and therefore, (2 J — s =:) s = 2* — i : 

whence, according to Euclid, 2"*-', x 2* — i, or i; x 2»"' is a 
perfcfl: number, 2»— i, or j, being a prime number. Since then 
s = 2" — ^^i, therefore j + i=2»=2^ 2«"S (6), and 
s+i 2 « 

. ^T7="Y (Ax. x) ; whence, by Prop. XIX. (40 — 44). 

J + I =2, 4, 6, 8, c5rr. (copi* Diff. 2.) 
2»-'- .= I, 2, 3, 4, 6c. (Ditto I.) 

Taking then, ^ + J == 2, 4 O =s i, 3 

2«-^ = I, 2 '^2«""*-=:i, 2 
And from thefe two initial values of s and 2*^' (which give the 
firft ;two perfe£t numbers i and 6) all the other values may be ob- 
tained, by continuing the feries therefrom, (42) j cpnfidcring on* 

♦ Definition XXII. Book YII. f Euclid, Book IX. Prop. XXXVI. 
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tf that i muft be a prime number, n — i an even number, and ok 
confequence n an odd number, Thus^ 

n =zi\ 2 \ 3 1 S 


2^-^ I 2»-^ 


T 


1+2X2*^ — l|l+2X2-^* 1 fl+2X2'^— l ) l+2X2'<^ — I \ iTC. 


2' 


T^^ oi»-x 


l» I 13 


T4' 


' 1 2'^"'\6t. 


15 I X? 1^^*. 


This feries, which may be continued for ever, will affign all per- 
ieGt numbers 5 and that in a more general and determinate man- 
ner, than any other feries which hath hitherto been given. 

14X. Corol. 14. Two hunibers, A, B, are faid to be ami- 
able, when all the aliquot parts of A taken together make up the 
number B, and thofe of B taken together make up the number A j 
fo that amiable numbers may be confidered as inter changeable 
perfcft numbers. And univerfally, if 2», (where n is an affirma- 
tive integer), betaken fuch, that 3 x Vr^'* 6x2* — ;i and 18 
^^^'-^i be prime numbers: then, 2"^'i x i8.z*"— i fliall be 
an amiable number, and 2*^* x 3 . 2» — i x 6 . 2" — z its partner • 
or, fuppofing 2» = Q^ ahd that 3 QcT^J^ Q^i and 18 Q^— -i 

are prime numbers, then i Qj^ 18 Q^— ^i aiid 2 Qjc 3 Q— i x 

6 Q3-I) are numbers amiable to one atiother. Here expounding 
^ by I, 3, 6, the firft three pairs of amiable numbers are 284, 
and 220, 18416 and 17296, 9457056, and 9363584. And this 
general theorem, according to Schooten * was firft given by 
the celebrated Des Cartes. 

142. Corol. 15. General theorems, refolving all the cafes pf 
Compound Interest, relative to annuities, penfions, rents, 
isc. in arrears reverfion, or perpetuity, may be derived by fum- 
ming the terms of a continued geometrical progreffion. Suppofc 
p to reprefent any principal fum lent out for the time f, r the 
rate, or the intereft of i /. for one year, and R (== i -f-r) the a- 
mount of I /. and its intereft for one year (caHed hert the ratio of 
the rate) j then, fincc the ratio i:R = R:R*z=R*:R*=:R3. 
R*, ifc. (136) therefore R' will univerfally be the amount of i /. 
for any time denoted by / : whence, fince the amounts are in the 
fame ratio with the principal fams, therefore, fuppofing s to be 
jhe amount of the principal ^, and its intereft^ R* for the time f, 

• SeBiones MifcellanU, p. 413. 

Q.» . all 
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«11 the varieties in this cafe are refolred from the general equitioft 
^ R' = ^) as in the following table : 


/, A' 


p =: ^S ot Lip=:LfS — txL^R 


s,RjP 




L^s — Lyp 

TjR 


■ ^~ — — ■ _ ~ ^~ ■■ ■■- ■_■■■■■ I m-^^^^-^^^^^ 

* / X L,s — L,f 
t,p,t\R=z Vj,ori,/? = J— 

I 

143. Suppofe now a to reprefent any annuity, penfion, rent, 
6c. in arrear ; then, fince the laft yearns annuity, 6'.r. bears no 
intereft, as tarying out no timey the firft year's annuity, ire. will 
therefore univerfally be reprefented by a R-^^ : whence, deriving 
a feriesby this propofition (127), from the quantity a in the ratio 
I : £ we fliall have a + aR-^^aR^'i'aR'... . -f-tfJJ* 

rzj, or jrr^ x^~r (i29> iJOj) and from this general equa- 

\ tion> all the varieties in this cafe are refolved as in the following 
table : 

Rt^i 

■;:~(i42). 


tf , ty R 


s^zax 


SytjR 


azur s X 


/i'~i 


J, f , a 


s s 

7/2— j?^=7_i 


Sy R^a 


1/1 + I 




L,R 


144. But, if a reprefents an annuity, penfion, rent, 6rci la 

1 s 

reverftofij then, fincrf the ratio i : ^ = « : ^ the prcfent wofth 

of the annuity, ifc. a at the end of one year will therefore he 

m 

"T : whence, deriving a feries by this propofition (127) from the 

^aatinjr 
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quantity j^ in the ratio i : j^ we fhall have j^^ + nl + SI + ^ 


• • • 


1 ]^ZJ^* 

+ ^ = x orj = d>c"^— -(i29> 130); and from thi« 

equation, all the varieties in this cafe are refolved as in the fol- 
lowiQg tabk : 

I 


Cjij h 


h h ^ 


Sy tj a 


a X 


t — 


* !■>« 




az^r s X 


r — 


R^ 


I +'-l>iRt — R =— 
s s 


Sy Ry a 




Ly a — hy a — r 5 

~LyR " 


a a a a 

J45. If we fuppofe the progreffion ■;i + ';^2 + ^3 + ^ 


« • 


jlt (144O to have no laft term ; then, on this fuppofiti- 

on, a reprefenting a Perpetuity, or the yearly rent of a 
Free-hold Estate, all the varieties in the buying and felling 
of eftates in fee-fimple, may be refolved from the equation s =s 
1 

A X ^37 (^37) ^^ ^^ ^^ following table : 

I 


dyR 


J, R \a=irs 


j« a 


R=:zi -hax7 

s 


V 


146. And if we fuppofe iVto reprefent the number of yea'rfl 
purchafe a is worth, then, Na{=zs) being the worth itfelf of ^, 
therfore, inftead of a fubftituting its value (r s) from the fee- 
fimplc equation (145), and we fhall have Nr = i. Thus, the 

number 


^ 
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number (^ of years purchafe a fee-fimple, is worth at the rate /^ 

I 
of compound intereft is ^/ and the rate (R) of compound iii- 

terefty at which the purchafe-money of a fee-fimple is valued for 
TV" years purchafe is i + ^. 

X I 1 X t t 

147. Laftly, fincc - (=;^31) =R^R^'^R^^'r^ +> 

ifc. therefore, the fum of the values of i /. for tht JucceJJive years 
of the life of a perfon of a given age, would be expreffed by this 
feries, were there no contingency in the cafe. And to allow for 
contingency, a table of the probabilities of life muft be ufed \ zai, 
hence maybe computed the following tables • 
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Table L by Mr nomas Simp/oHj Jbewing the Value rf ait 
Sunusty of iL upon one Life. * 


1' 

^"^ . .1 

. 1 

^ . 

• 

« 

1 

CS <fc« 

•fc. 

•*• 


xA <h. 

"'•^ 

•ja 


1 

s§ 

.1 

.1 


I§ 

.1 

«?§ 

\ 

< 

2 »^ 

§1 

Q CO 


9 I- 

2 fc 




S « 

*a 

*i 


** 

4J 



k5? «< 

n 1 

ti 


.*? «« 

ti 

C« 

m, 


^ 

^ 1 



p- 


/ 


6 

14.1 

16.2 

18.8141 1 

lp.2 

11.4 

13.0 


7 

14.2 

16.3 

18.9 

4* 

lO.l 

II.2 

12.8 


8 

'4^ 

16.4 

19.0 

43 

10.0 

ll.I 

12.6 


9 

143 

16.4 IQOI 

44 

9.9 

II.O 

12.5 


TO 

14.3 

16.4 ig.o 45 1 

9.8 

10.8 

12.3^ 

f 

JI 

H'3 

16.4 

19.0 

46 

9-7 

10.7 

12.1 


12 

14.2 

16.3 

18.9 

47 

9-5 

10.5 

11.9 


13 

14.1 

16.2 

18.7 

48 

9.4 

10.4 

II.8 


14 

14.0 

16.0 

18.5 

49 

9-3 

10.2 

II.6 


Ji 

'3-9 

15.8 18.^^1 

SO 

9.2 

lO.l 

1 1.4 


16113.7 

15.6 181 

S» 

9.0 99 

11.2 

n 

13-5 

15.4 179 

$2 

8.9 

9.8 

II.O 


18 

^3-4 

15.2 

17.6 

53 

8.8 

9.6 

10.7 


'9 

13.2 15.0 
13.0 14.8 

47.4 

54 

8.6 

9-4 

10.5 


20 

17.2 

55 

8.5 

9-3 

J 0.3 


21 

12.9. 14.7! 17.0, 56 

8.4 

9.1 

lO.l 


22 

12.7 

14.5 

16.8 

S7 

8.2 

8.9 

9.9 


23 

12.6 

H-3 

16.5 

58 

8.1 

8.7 

9.6 


24 

12.4 

14. 1 

16.3 

59 

8.0 

8.6 

9.4 


25 

12.3 

14.0 

16.1 

60 

7-9 

8.4 

9.2 


26 

12.1 

13.8 

15.9 

61 

.7-/ 

8.2 

S.9 


27 

12.0 

13.6 

15.6 

62 

7.6 

8.1 

8.7 


28 

1T.8 

134 

15.4 

63 

7-4 

7-9 

8.5 


29 

11.7 

13.2 

15.2 

64 

7-3 

7-7 

«-3 


^ 

1 1.6 

13.1 

1 ?.o 

6s 

7.1 

7.«; 

8.0 


3' 

1 1.4 

12.9 

14.8 

66 

6.9 

'7-3; 7-«| 


32 

iJ-3 

12.7 

14.6 

67 

6.7 

7-> 

7.6 


33 

II. 2 

126 

14.4 

68 

6.6 

6.9 

7-4 


34 

II.C |12.4 

14.2 

69 

6.4 

7-7 

7-* 


Ji 

10.9 

'^•3 

14.1 

.1° 
71 

6.2 1 6.5 

6.^ 


36 

• 10.8 

> 12.1 

13-9 

6.0 

6-3 

6.7 


37 

10.6 

; 11.9 

13.7 

72 

5.8 

6.1 

6.5 


38 

\ 10.5 

11.8 

135 

73 

5.6 

5-9 

6.2 


3S 

) 10.^ 

\ ii-^i 13.3 

74 

5-4 

5.6 

5-9 


4c 

) 10.3 

. i*-5 13-2 

75 

5-* 

5-4 

5.6 


* gimp/bn's SclcA Excrcifes, p. 360. 
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TABLE 11. /hewing the value 9/ an annuity ef iL up9n 9ne 
lilFEy /uppojing the decrements of l^e to he eqttal. * 


• 

<: 


J 

0* 

Ditto, 
3 per cent. 

• 

< 

•2 • 

Ditto, 
4 per cent. 

Ditto, 
3 per cent. 

» 


2 « 

*a 

«-• 


?. *■» 

4-* 

e 


8 

>:« 1 ^ 

^ 


^ ^ 
>* 

n 

1 " 


14.54 

16.79 

«9-74 

43 

1 1. 4 3.1 12.68 

14.19 


9 

14.61 

16.89 

19.87 

44 

11.29 

12.50 

13.96 


ic 

14.61 

16.89 

19.87 

45 

11.14 

12.32 

13-73 


I ] 

'4-54 

16.79 

19.74 

46 

10.99 

12.14 

13-49 


12 
13 

14.48 

i6,6g 

19.60 

JL 

10.84 

11.94 

13-25 


14.41 

1661 

19.47 

48 

10.68 

H.75 

13.01 


14 

H-34 

16.51 

19-33 

4^ 

10.52 

11.55 

12.76 


M 

14.27 

16.41 

19.19 

5° 

10.35 

11-34 

12.51 


16 

14.19 

16.31 

19.05 

5' 

10.18 

11.14 

12.26 


n 

14.12 

16*21' 

18.91 

?2 

9.99 

10.92 

11.99 


lb 

14.05 

16.11 

ib.76 

53 

9.82 

10.70 

11-73 


^9 

13-97 

15.99 

18.61 

S4 

9-63 

10.48 

11.46 


20 

1 3'.89 

15.89 

1S.416 

55 

9 44 

10.25 

II. 18 


21 

T3.81 

'5-79 

18-31 

56 

9.24 

10*02 

10.90 


22 

iJ-73 

15.67 

18.15 

11 

9.04 

9-77 

10.62 


23 

13-^4 

'5-55 

1 7-99 

5« 

8.83 9.53 1 

iO'33 


24 

'3-56 

15.44 

17.83 

59 

8.61 

9.28 

10.03 


25 

>347 

15-32 

17.66 

60 

8-39 

9.02 

9-73 


26 

13-38 

15.19 

17.49 

61 

8.16 

8.75 

9.42 


27 

13.28 

1.5.07 

17.331621 

7-93 

8.49 

9.12 


ze 

'3-J9 

14.95 

17.15 

03 

7.69 

8.21 

6.79 


29 

1 3.C9 

14.82 

1 6.98 

6+ 

7-44 

7.92 

8.46 


30 

12.99 

14.68 

16.80 

65 

7.18 

7-63 

8.13 


3^ 

I2.8g 

14-55 

16.62 

66 

6.92 

7-35 

7-79 


32 

12.7G 

1441 

16.44 

67 

6.43 7.03 1 

7-45 


33 

12.77 

14.27 

16.25 

6U 

6.36 

6.71 

7.09 


34 

12.57 

M-13 

16.06 

69 

6.07 

6.39 

6.74 


35 

12.45 

13.98 

15.86 

70 

5.78 

6.07 

6.38 

% 

36 

12.33 

»3-«3 

15.67 

7* 

5-47 

5-73 

6.CI 


37 

38 

1221 

13.68 

15-47 

72 

5-15 

5-38 

5.63 


I 2. 09 

13-52 

15.26 

73 

4-83 S'^S 

5.25 


39 

11.97 

13-36 

15.05 

74 

4.49 4 67 

4.85 


1 40 

11.84 

13-19 

14.S4 

75 

4.14 4.29 

4.45 


41 

11.71 

13-03 

14.63 

76 

3-78 

3-91 

4.bJ 


42 

IJ.58 12.86 

14.41 

78 

3-42 

3-52 

3-^3 



. 


* Dodfon's Rcpofitory, vol. a. p. 1 69. 

I^ote. By increafing the numbers in table i j, by |. of a year's 

purchafe, 


r^ 


ANALYSIS. 12^ 

pTircliafe, to 54 years of age, by | from 54 to 70, artd by $ from 
70 years and upwards, we (hall obtain the prcfent values nearly 
of an annuity (secured by land) of i 1. per annum^ on a 
iingle life ; fuppofing the decrements of life to be equal *. 

* 

« 

148. In the cafe of a fimple annuity, (147* Tables I. and II.) 
the heirs of the annuitant are not entitled to any thing, if the 
ahnuitant deceafes before the. term of paymetit ; but in the cafd 
of an annuity fecured by land* the heirs of the annuitant are en- 
titled to receive a fum of money proportional to the time elapfed 
between the laft payment of the annuity, and the time of the 
death of the annuitant : Thus, the value of a life of 40 years of 
age, at 4 1. per cent, compound intereft, is 11.5, by Table I. 
and 13.19 years purchafe, by Table II. and the value of an'an- 
nuity fecured by land for the fame age and rate, is 13.412 yeard 
purchafe nearly : Thus alfo, the value of a life of 66 years of 
age, at 4 1. fer cent, compound intereft, is 7.3 by Table L and 
7-33 by Table II and the value of an annuity fecured by land^ 
for the fame age and rate, is 7.66 years purchafe nearly^ 

Proposition XXX. 

149. If we take out any two of the homologous terms of an 
analogy, thefe two quantities, when confidered by themfelves^ 
are faid to conftitute a General Proportion \ one of thefe 
quantities being always as the other : And any one of the terms 
of a ^general proportion may be multiplied or divided by any 
number taken at pleafure. 

Suppofe the ratio. Q^q r=R:r, then to cxpfefs the general 
proportion between Qjand R, or between q and r, we put the 
quantities down in this manner, viz. Qj* R and q " r ; and^ 
by this notation, we mean nothing more than that the quantity 
Q;Js always as the homologous quantity R, and the quantity q 
as the homologous quantity r ; Here then the quantities R, t 
may be either different values of the analogous quantities Q^ q 
or confidering (^ q as proper quantities, the quantities R, t 
may be improper quantities, fuppofing them referred to the pro- 
per quantities Q^ q as their meafures. Suppofing (as above) 
the ratio Qj q === R : r, it is evident, that the quantity R will 
be greater, equal or lefs than the analogous quantity r, accor- 
ding as the quantity Q^is greater, equal or lefs than the analo- 
gous quantity q 1 and therefore, eonfidering the quantities Q, 
R as variable, they will either both together equally ^increafe, oi* 
both together equally decreafe* Thus, in every analogy, the ho- 
mologous terms have a mutual dependence upon one another ; 
and hence the propriety of the expreffion introduced on this fub* 

• Sec Dodfon's Repofitory, Vol. III. 

R jea 


L ■ 
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jeft by the lUuftrious * Sir Ifaac Newton, that any term of an a- 

nalogy is alwsiys as its proper homologous term. Since then» by 

by fuppofition, the ratio Qj q ^ R : r, and fince the ratio 

171 tn 

R ; r == — R : - r where m, n may reprefent any numbers 
71 n 

whatever'; therefore, according to t^LC notation explained in thi^ 

• • m 

propofition, when Qj^- R it is alfo Q^. — R (Ax. IV.) 

150. Corol. I. Suppofe the ratio Qj q = R*: r =5 S : s, 
fiyc. then according to the notation explained in this propofition 
we have .Qj^« R, R •• S, i;c. as alfo Q^- 8 : Therefore, if one 
quantity Q^is. as another quantity R, and the quantity R as an- 
other quantity S, i;c» then will the firft quantity Q^be as the 
lall quantity S. 

151. Corol. 2, Suppofe the ratio Qj q = R : r = S : s ; 
then, fmce the ratio Q^: q - R =±= S : r =±:s (13) as alfo 

{2 X Qj q -- R : r + S : s or) the ratio Q^ : q* ~ RS : rs 

(5) therefore, when Q** R and R •• S, it is Qj* R =4= S, as alfo 
Q^ •• RS or Qj^' VRS. Thus, if one quantity QJ>e as afe- 
cond quantity R, and the fecpnd quantity R as a third quantity 
S ; then will the firft quantity Q^be as the fum or difFerence of 
the fecond and third quantities R, Sj and alfo as the mean pro^ 
portional between them (16.)* 

152. Corol. 3. Suppofe the ratio Q^: q =: R : r; then fince 

— O : q = — R ; r (IX. Ax.) or the ratio Q« : qw = R* : 
n n ^ 

r n is* 7) • Therefore, when Q_" R it is alfo Q^ •• R».— ^ 
That is, both the terms of any general proportion may be any- 
how equally involved or evolved. 

153. Corol. 4. Suppofe the ratio Q^: q =5 R : r, and let 
S : s be any other ratio 5 then, fince Q : q =+=: S rl ^^ RTT 

^^I'sT's (VII, VIII, Ax.) or the ratio OS : qs = RS : rs 

Q^ q R r 
(3), as alfo the ratio— :—:= — :- (4) ; therefore when O - R 

o s o s 

O R 

it is alfo QS •• RS and r- - r- fuppofing S to be any variable 

quantity whatever. Thus, both the terms of any general pro- 
portion may be multiplied or divided by any variable quantity 
taken at pleafure. 

• ♦ Principia, B. I. Lcm, 10. Scholiuip. 

154. 
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1 54. Corol. 5. Let Q, R, S, T, ifc be any number of va- 
riable quantities, and fuppofe that Q^- RS and that S •• T, 
then will Q^- RT : For, fince, by fuppofition S "X* therefore 
RS -RT (153) and of confequence Qj^-RT (150). ^ Thus, in 
any general proportion, inftead of any variable quantity may be 
fubftituted any other homologous variable quantity. 

155. Corol. 6. Let Qj R be two variable homotogous quanti* 
ties. Then, fince by fuppofition, Q^** R, therefore, dividing 

O 

bpth terms by R, we have :r^- i (153) ; but unity is a given 

R 

invariable quantity, and therefore =^ is alfo a given invariable 

R 

O 

quantity, or ~ is always the fame, let the quantities Q, R be 

any whatever variable quantities. Henqe, in any general pro- 
portion, inftead of any invariable quantity, we may always fub- 
ftitute unity. 

156. Corol. 7. Suppofc the ratio Qjq =R : r, and the ra- 


tio S : 8 -~ T : t ; then, fince Q^: q=i=:S:s :-R:r=±:T:t 
(VII, Vni Ax.) or the ratio QS : qs = RT : rt (3) as alfo the 

Q^ q R r 
ratio ^ *. "" = ;f^ : - (4) : Therefore, when Q^- R and S •• T 

O R 

it is alfo QS •• RT and^ - =;• That is, the terms of any ge- 

neral proportion may be multiplied or divided by the terms of any 
other general proportion. 

% 157. Corol. 8. Suppofc the ratio Qj' q =: y -. ^; then con- 
fidering.the homologous quantities, Q, 9 as variable, they will 

either both together equally increafe, or both together equally 

I 
decreafe z But, fince V, — are the reciprocals of one another, i£ 

the former increafes the latter will diminifli, and vice verfa. 
Therefore, in confidering two variable quantities, to determine 
their general proportion, if one of the quantities increafes while 
the other equally diminifties, the former will always be reciproi^ 
cally as the latter. 

158. CoroL 9. Suppofe the ratio Q^ q = R:r+ S is; 
then if the ratio S : s be a ratio of equality, the ratio Qj q = 
R : r, and if the ratio R : r be a ratio of equality, the ratio 
(2>^: q = S :8. ThcrcforCi if Q^- R when S is invariable, and 
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Q^" S T«rhen R is invariable: then, when both the quatititles 
R, S are variable, it is Qj' RS. 

159. CoroL lo* And in the fame manner it may be demoii^ 
ftrated, that if Q^ •• R when V is invariable, and Qj' — when 
R is invariable 5 then when both the quantities V, R are varia* 

ble, it is O •• Rx=z. 

V - . 

160-. Corel. 1 1 . Let there be any caufe A which produced 

the effeft E in the time T ; then, fince we can judge of a caufe 

by theefFeft which it can produce in a given portion of time, it 

is evident, that every efFeft produced in time depends not only 

upon its immediate efficient caufe, but alfopn the time wherein 

the caufe a£i:s or exerts itfelf^ and hence, by incre^fing ordimi- 

nifliing the time, the eiFe£k will be equally increafed or diminiih* 

ed, allowing the caufe to remain the fame ; and by increafing or 

diminifliing the caufe, the efFedl will be equally increafed or di- 

minifhed, fuppofing the time to remain the fame. Thus, then 

E •• T when A is invariable, and E •• A when T is invariable ; 

therefore univerfally, or when both A, T are variable, it is E 

•• AT. That is, the efFeft produced is always in the compound 

ratio of the efficient caufe and the time. 

161. Corol. 12. Since then univerfally E;*AT, therefore 

I I 

Ex -— •• T and Exrr •• A. Thatis,the time of producing an cffeft 

is as the faid efFeffc direSly, and its "efficient caufe reciprocally ; 
and any efficient caufe is direftly as the effeft which it can pro- 
duce, and reciprocally as^the time. 

162. Corol. 13. If we fuppofe the effeft (E) to be invaria* 

I I 

ble, then AT •" i (155) and of confequence A - 7- or T •• --•— 

Thus, with regard to z given efFeft, the efficient caufe is recipro* 
cally as the time, or the time reciprocally as the efficient caufe. 

163. Corol. 14. In the general theorem (160) E "AT, fup- 
pofe that A •• T ; then in this cafe, E - A' or E - T*. That is, 
when the efficient caufe is as the time, the efFedl produced will 
be in the duplicate ratio of the efficient caufe, or in the duplicate 
ratio of the time. 
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A.— PROPOSITION I. 

164. Addition being the coIle<aing together of quantities into one fum 
#r aggregate (Def. IV.), prcferving their figns, and uniting fuch as can be 
united (Prop. L) ; it is evident, tliat quantities expreffed by different fym- 
bols can be reprefented only as added together, by being brought into on^ 
expreffion under their figns : And like quantities being multiples of fome 
fame quantity (Def, XII.), thefe, when affedted with the fame or like 
(]gns, are added together by adding the coefficients ^ to the fum adjoining the 
fomman quantity^ and prejixing the common Jtgn ; and when affedkcd with un- 
like iigns, byfubtra^ing the left coefficient from the greater^ to the remainder ad-' 

joining the common quantity ^ and prejiain^ theftgn of the greater* 

165. As every quantity contains itfelf ©«<:r (^^i. VI, VII. Corol. I.), 
any integral quantity, therefore, may be expreffed as a fr;i(ftion, by giving 
to it unity as a denominator ; and any fradlion may be expreffed as the 
pumerator of a fraction, having unity for its denominator aifo. 

166. And as a fra^ion is nothing more than an expreffion of a quotient 
(Def. VII.), the value of afra<Stion, therefore, is not aflfe^Icd by any equal 
multiplication or divifion of both its terms. And hence the various reduc* 
tions of fradlions from this and the former fimple principles (165). 

167. Fractions of one and the fame denomination being like parts of 
their refpedtive wholes or numerators (Def. VII.), are added together hy 
adding the numerators^ and underwriting the common denominator (Ax. III.). 
And all fradliohs may be reduced to equivalent fradions of one and the 
fame denomination, by takings according to notation (Def. VI.), the pro- 
du8 of all the denominators for the common denominator^ andthe produ8 of each 
numerator into all the denominators hut its own for the new numerators^ die 
terms of the fraftions being equally multiplied by this operation (166). 

J 68. Ratios are added together as in Propofition (3.), and according 


to Definition XVIIL Corollaries I, II. Thus A : B^-C : D= 


^.-.-PROPOSITION II. 


169. Subtraction determining the difference of quantities (Def. V.), 
is therefore the converfe of addition (Def, IV.), and takes place abfoluteiy 
by changing thefign or figns of the ablaiive quantity j finally abbreviating the 
general expreilion of the different^ by uniting fuch terms as can be united 
(Prop. L). 

S 170. 

* The quantities 'T"==^> and ^=^Def. VII, Corol. I, 11. ), may re* 

prefent any two fraftions ; and the produ^ ae (Def. VI.) is e\'idently equi- 

acS d . ■* 

valent to -T^(Def« VII. J, the product uncjer the numerator? and denQ« 

minatorSf 
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170. Fractions of one and the lame denomination are fubtra£led on^ 
from anotlier, by fubtradting the one numerator fittm the other ^ and undernvrit^ 
in^ the common denom^tor, 

171. Ratios are fubtra^ed one from another, as in Propofition I«ir 
and according to Definition XVIII. Corollaries I, II. Thus : 

Since by Prop. I. A;B+C;D — AC : BD; therefore, tak ing away t he 

ratio C : D from each of thefe equals, and the r atio A \ Bs^AC : BD — 

C : D (Ax. IV.), or the ratio —-: i^-^^rr* '"^tt* *^ *°^ ^^^^ ratios ha* 

B BjJ ^ JP 

ving now the common confeouent, unity^ we have only to obfqrve wha^ 

A C C 

operation mufl obtam among the antecedents -g^* iT to bring out the an^ 

tecedent ^ : And here it is raanifeft, that the produft of the numeratof 

^ . AC . . 

by D, and of the denominator by C of the antecedent WTTf gives dire^ly 

the antecedent f4iL25^=^4 (Def. VL and CproL I.) ; but ~ is 

\B X CD f^C ' C 

the inverfe or reciprocal of the antecedent -r^ (Def. XL Corol.I.) There^ 

fore, in taking away or fubtradting one ratio from another ratio, we muft 
fhan^e thejign of the aiflath^ rfltioy and invert the terms thereof, according t^ 
tho. propofition (4). 

C— PROPOSITION III. ' 

172. Multiplication being a manifold addition, repeating one quan^ 
tity fo often as the fame or another quantity contains units (Dc(, VI.). 
Hence (i.) a fimple quantity may be multiplied by a fimple quantity, ify 
taking the produ^ of th,e quantities or literal fymbol^y according to notation 
(Dei. VL,), and thereto prefaing the produS of fhe coefficients for the coeffici-^ 
ent of the produS, (2.) A compound quantity may be multiplied by a fim- 
ple quantity, by beginnins at the left handy multiplying the fimple quantity into 
each term of the multiplicand fuccejjivelyy as in Cafe 1. and making the products 
atHrmative or negative, according as tlje favors have like or unlike Jigns, 
And (3.) one compound quantity may be multiplied by another compound 
quantity, by placing the muitiplier under the multiplicand, term under term, 
that being confidered as the multiplicand which hath the greater number of 
terms ; then, beginning at the left handy each term of the multiplier is draivn 
or multiplied into each term of the multiplicand fuccfffloelyy as in Caffe IL the 
difFerent produfts being placed under one another, with like quantities un- 
der like quantities when there are fuch quantities : And the *whole produft. 
is obtained by collecting together all the different produ<5fcS into one fum 
(Prop. L). 

173. Fractions are multiplied together, by taking the produB of thf 
numerators for the numerator of the produ(5t, and theproduB of the denominch 
tors for the denominator o/* //^f produdl ; as demonftrated. Note A (168). 
Or the fame may be demonftrated in manner following, viz. Suppole 

^==P, and £.=QJDef. VIL Corol. IL), or A=BP, and C==Dq^ 

(Definitio^i 
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(Definition VII; Corol. 1.); then AC====B^X D(5jAx. IX.)==PQ^ 
XBD (Def. VI.), and>confequently^=?^^(Ax.X.)=PCi^ 

(Def. VII.)=PxQ==-g X jj by ^pofition. 

174. Hence, in multiplying together fradtiohs, the denominators of 
any of the fadors may be interchanged to deprefs the final product. And 
hence alfo, a fra<5lion may be multiplied by ati integral quantity, by multi- 
plying the numerator hy the integral quantity ^ or by dividing the deuomnator 
therehy. 

D.:-^RbPOStTION IV. 

175; Division being a manifold fubtraftion, and the conver{*e there- 
fore of multiplication, determines how often one quantity may be taken 
out of, or is contained in, another quantity, by cdnfidering the dividend as 
a produd; wherfeof the efficient faftors are the divifor and quotient (licf. 
VII.). And hence (i*) a fimple quantity may be divided by a nfnple 
quantity, by inquiring what quantity ^ multiplied into the divifor ^ ^produces 
the .dividend, or iy placing the di*oidend above a fmall line^ and the divifor 
under it, and expunging all numbers and quantities that are common ejfficients 
of each. (2.) A compound quantity may be divided by a fimple quantity, 
by beginning at the left hand, dividing as in Cafe I. each term of the 
dividend by the divifor, and, making the quotients affirmative or negative, ac^ 
cording as theftgns of the divifor and dividend are like or unlike. And {3. ) 
one compound quantity may be divided by ahother compound quantity, by 
ranging the terms of the divifor and dividend, according to the dimenfions 
of any the fame quantity contained in each, and proceeding as in common 
arithmetic ; the quotient quan^ties being determined by dividing the Jirjl 
ttrm of the dividend, and of every divdiual, by thejirjl term of the divifor i 

176. Fractions are divided one by another, by multiplying the inverfe 
or reciprocal (Def. XI. Cprol. I.) of the fradional diviibr into the frac- 
tional dividend, ^s deraonftrated. Note B (171). Or the fame maybe dc- 

monftratdd in manner following, viz. Suppofe ~=P, and y^=^Q^(^^^v 
VII. Corol. IL), or A==BP, and C^DQ (Def. VII. Corol. I.), and 

therefore AD=BPD, and BC=BDQ (Ax. IX.) ; then^=.^^ 

P AC liDi^ 

(Ax. X.) == Q- (Def. VlI.)=P -^ Q== B" ^^ ^y fuppofition. 

177. And hence, a fradion may be divided by an integral quantity, by 
dividing the numerator by the ititegral quantity f of by multiplying the deno^' 
ndnator thereby* 

E.— PROPOSITION Vlt 

178. SiNCt (Def. XVIII. CoroJ, M the ratio A : »iA=B : iwB (= 
1 : ot), and the ratio to A : A=to B : B(=to : i ) ; where A, m A, B, toB, 
or TO A, A, TO B, B, may reprefent any four analogous magnitudes ; and 
where m may reprefent any number integral, fradlional^ &c. Therefore, in 

S 2 anf 
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any analogy, the firft term has as much magnitude when compared with 
the fecond, as the third when comj)ared with the fourth ; and, confequently, 
if the firft term be greater, equal, or lefs than the fecond, the third term 
will be equally greater, equal, or equally lefs than the fourth. 

179. And hence all the theorems in this Propofition (13), and Corol* 
laries thereof (14, 15, 16,) as in the following jtable, viz. 

A : m A=rB : m B (s=si : m) 


■MiMartiMBBai^i 


f Ax^BrrnrmAxB 1 

^ A+mA: A==B+iwB: B (=:=:i+m: i) Mointly. 
t.A+mA:wA=3^B+wB: mh (=-=i+w: i) J 
r A cow A J A=:Ba)w B ; B (=1 WOT : i) ? rv • • i 
lA COOT A ; w A=BccinB : mB (=1 wot : ot)5 ^^P^^^V^ 

r A^otA: A=iB^otB:B (==:i'J^ot: i) 1 . 

(,A"^« A :m ArrsBo^mB :mB (==i'Jj«:m) J 

A-f w A : Acnw A=B4-otB : BcomB (r=i-f m: i cciw) Mix&in# 

A : B=iot a : fflB, Alternation or Permutation. 

m A : A=-:m B : B (=m : i ) Inverfion. 

A^'^" A-j ^^^^g . ^^^^^ ^^^ . ^j Syllepfis. 

^•^3|AcoB:»iAco«B(=«i:i«) Dialepils. 

Hyp. A : m A==B : m B=C : otC=D : m D, &c.< 
ThenA:OTA=ss=:A+B+C+D,acc.:mA+OTB+mC+mD,Scc.(=:i:m5, 

180. Suppofe now univerfally, the ratio A : B=C ; D ; then, fincc 

iLx A=B (Def. VIII. Corol. L), therefore £. x C=D (178) the 
A A 

fourth proportional to A, B, C. And hence the common arithmetical rule 

for finaing a fourth proportional, by dividing the produd of the fecond and 

third by the firft analogous term. 

181. And becaufe ~xC==D, whentheratio A:B=C;D (180);' 

therefore, by equal multiplication (B X C=A x D or) AD=BC (Ax. 
IX.) as before (178). Or this may be demonftrated in manner following, 

viz. Since A ; B==C : D (Hyp.), therefore ATB— .C:D»»o (Ax. IL)j 

that is, A:B+D:C, or AD : BC==:;.o ( Prop. U ), and confequently AD 
s=BC (Def. XVni. Corol. III.]. Thus, from an analogy, may be dc- 
rived an equation between the produd of the extremes and means ; and 
converfely, as (hown in the third Corollary of this Propofition (16). 

182. As the terms of a ratio muft necefiarily be of one and the fame 
kind or denomination, and as there may be the fame ratio of magnitude be- 
tween two quantities or numbers of one kind or deaomioationy as between 

two 
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two quantities or numbers of any other kind of d£iK}minatiOn(Def. XVIIIJ) : 
Hence the very general and extenfive application of the dodrine of Pro- 
fronTiON in all arts, fcienccs, bufinefs, &c. And in every cafe of propor- 
tion, to determine truly a fourth proportional to three given, the propor- 
tionals muft be fo ranged, that the two given quantities, or numbers of one 
and the fame kind, be the terms of the firft ratio, and the third given quan- 
tity, or number of the fame kind, virith that required ; the antecedent of the 
fecond ratio, the confequent being the fourth or required ternf, which may 
.always be reprefented by fome one of th^ ftnal letters of the alphabet, x, 
yy «, v, &c. 

183. Then, as things of greater value recfuire a lefs number, and things of 
lefs value a ^r^j/^r number, to make an equal exchange ^ and as the lefs the 
number of things the greater muft be their value, and the greater the number 
of things the lefi their vaiufi, to make them equal* Therefore, confider from 
the nature of the cafe propofed, whether the third term be greater, equal, 
or }ejs than the &itiith or required term, at, y^ Sec. and range the terms of the 
firft ratio in the fame order of liiagnitude refpe^lively ; or make the firft 
term greater, equal, or lefe than the fecccd term, according as the third terra 
is greater, equal, or lefs than the fourth or required term, x^ y, ^c. And 
if any terms are mixed, or confift of different denominations, they may be 
reduced to the leaft affigned denomination wheti nece^ary, and the analogy 
reflated. 

184. The analogy being ftated as diredled (183} ; if either the firft and 
fecond terms, or the ^rft and third terms * be divifible by any the fame quan- 
tities or numbers, ipftead of tkeie^ terms take the refpe^ve quotients, and 
reflate as often as may be the analogy in terms of the quotients : Then find- 
ing the multiplier of the firft term producing the fecond (180), and the fame' 
wUi be the multiplier of the third term producing the foutth or required 
term, a;, ^, &c. (178). ^ 

F.— PROPOSITION XV. SCHOLIUM I. 

185. In the equation /x — x*===r5', when x=s=4/» then J/*=ry; an4 
in every other cafe or value of jc, ^/>* is greater th^LH rq. For, fuppofe;c=s: 
IZ+z, where s>tip; then by fubftitution (/A:-^x*s=r) ^/*— rf*=r^, 
and of confequcnce -J-/* > r ry. But though the root of the equation />«^ 
— x*=rry in general terms admits of two different interpretations or values, 
as demonlb-ated in this Scholium, and though as in the examples to this 
cafe of the Propofition both thefe values may be true, examples, how- 
ever, may occur in which one only of the values may be taken ; and the 
Value to be taken will be determined from the ftrudkure of the equation, or 
from the operation producing the equation. Suppofe f^\xrs=ii — x^ where 

AC is evidently lefs than 21 ; then (Ax. XL) \x (=21— x*) =2=441— 
42«-f-x* (Prop, v.), and hence 42|a:--^*=44i ; where «?s=s:i8, the 
only true value. 

* Suppofe the ratio A : Br=0: D ; then, by adding the ratio m : i to 
each, the ratio w A : B=s:m C ; D (Ax. VIL) ; where m may rcprefent 
any number^ integral, fractional; &?• 
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2 


2 li — 424*— x* (=45 i-^j— 441 )=io/g. 

, » Or 

2ii— 42T*+**(=iOi^)==9+iT+Tir 

G —PROP. XV. SGHOL, III. or ART. XXX. 

x86; The theorem here given for evolving a quadratic binomial, may 
be demonftrated Jyntheticaliyi In manner following, viz. 

Smce B + ^/B»II(^=irB*i2 Bv^B*— QJ-B»— QJPropofition V.J 

" ' -> . ' r R+Q 

=2B»— Ct+v^4B* XB»— Q^ (Prop. IV.), and fince (Hyp.) - ^^ 
«=B% and of confequence (R— ?i±-^=) 5-Z2^B»— Q, as alfo 

2 z ' 


i|/R^>.S =Qj therefore, b y reftitntfon, B_jh V'B*— Q^=R + \/R»— <^ 

= R+v'R*— R*^=R±\/S (Prop. XL)j according to the Theorem 

R + 6 
(30). Thus : the fquare of the greater part of the root is j orR 

+ \/R* — S; and that of the lefs part of the root , or R-.V'R*-S. 

187^ And hcnee, univerfally, the root 6f a quadratic binomial may be 
determined from the fum and difference oT^ots of half the fum and Half 
the difference of the leading terms of the binomial, and the root of t^e dif- 
ference of the fquares of the terms. 

Ex. ^ Where R=3, and S=8, Here Q=:i, B=V'2, and Bi 

Ex. 4. Where R=^, and S=:20. Here (^=1, ]^=V^5> ^^^ B4; 

And toExample i* may be added the five foUoiving, making^x binom^ 
ah in the tenth hook of Euclid. 

Binomial I. 4+v^ii, root of 27v'704. 

4 4 ^ ' ^ ■ 

Binomial II. ^v^ 1 2 + y' y — 6 + t V^ * 47 > former himediah 

Binomial III. V^+ !/ 1 5—^4^ ^ -f j/So, la tter bimedial. 

Binomial IV. \/ i+W 29 + \/i'-^\ ^2^--^'j+\^20, the mafor. 

Binomial V. V V^5 + * + WS "~ ^""7 + ^40> the potent^ a ration^ 
el with a msdiaL 

Binomial VL V^V's + ^3 + v'^5 — v^j— >/20+v'8>thc/()/«tf 
two medials% » 

H. 


r 
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H.-.^PROPOSITION XVI. 

iS8. Since in a right angled plane triangle, the tangent of half either 
l^ngle at the hypothenufe is to the radius, as the fide oppofite to the angle 
to the hypothenufe and other iide taken together': And inverfely (14), ra« 
diusy to the tangeot of half either angle at the hypothenufe, as the (ide op« 
5>olite to the angle to the excefs of the hypothenufe above the other fide 
(5. e. 2). Hence, to the analytical and geonueti^ical refolution of quadratic 
equations in the lafl and in this Propodtion, may be added the trigonometric 
fal refolution of the (ame, as in the following pradtical rules^ viz. 

189. Rule I. Increafe half the logarithm of the abfolute term {rq) by 
the number lo, and from the fum fubtradt the logarithm of. half the coeN 
ficient (/) of the fecond term ; the remainder in Cafes I. and II. is the 
iogariihmk tangent^ and in Cafe III. the logarithnucjine of an angle A* 

Rule II. To and from half the logarithm of the abfolute term (ry), 
add and fubtra^ the logarithmic tangent of half the angle A ; let the fum be 
diminifned and the difference increafed by the number ,10, and the numbers 
f efulting will be the logarithms of the roots of the equations in Cafes I. and II. 

• 

Rule III. From and to half the logarithm of the abfolute term {rq)^' 
fubtra£t and add the bgarithmip tangent of half the angle A ; let the dif- 
ference b^ increafed and |he fum diniinifhed by the number 10, and the 
numbers refulting will be the logarithms %£ the two roots of the equation ix| 
Cafe III. 

Cafe. I. Example ;c^-^ 347^=^22 no, to 4etermine «• 
Here /=347, and r^=e=2 2 1 1 o» 
The logarithm of r^ .••...... 22110=3=4.3445887 

From half thereof . • , • . • . • .< -^10 s=:;=x 2. 1722943 

' ■ ■ > » ■■■'■■ 

Take the logarithm of x/ ........ '^^=2.239299^ 

Remains logarithmic tangent of angle A • 40^ 35' 52"s= 9t95 29948 

To logarithmic tangent of -J angle A . . 20^ 17' 56"= 9.5680714 
Add 4^ the logarithm of r^ • . t • • • • 22110=2.1722941 

The film ( — 10) is the logarithm of* . • . • . "== x •7403657 
And ••• xss^^^. 

Cafe II. Example a?* — '^xs=:-*^|^^, to determine ;?♦ 
Pere /==:'-5^% and rg=HF- . 
I Preparation. 

Fromlog. of 1300=5.1 13943 4 From log. of (half i to=s=:)55s=sX. 7403 627 
Take log. of 24=1.3803112 Take log. of . . . 24=1.3802112 

Rcm.Iog. rq *tI^=I'7337222 Regains log. 9^\p • x|^=50.36o£5i5 

^ From 

« 
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From half the logarirtim of r^+io . . • 'tJ^ + io=r=T0.866866i 
Take the logarithm of ^/ 4i=s 0.36015 15 


■•• 


Remains log. tangent of angle A • • ^« # 72^ 42' i6''rss:io.5o67i46 


^■■1 ■■ 


From half the log. of r$r 4^ 10 »4f^ + io=ssio.8668666x 

Take log. tangent of i angle A • . , • ^6^ ai' 8''s» 9.866S617 


m> 


Remains ^the logarithm of • • . • «(sss 1.0000044 

And .'. xzsssio* ^,»/^^-,,^«_ 

Cafe III. Example ^^x^M^as^n^, to^ vialuesof x. 
Here /=*^, and rq=:^%^^ . '^ 

Preparation. 
From log of 695=2.8419848 From log. of . (»|^*)i3i=r=r2.i20573f 
Take log. of 25^8=1.3979400 Take log. of . , . 250=1. 397940Q 

" ■ <♦ 

Rem. log. rq ^^* 3=1.4440448 Rem. log, of f / • . Vr =^*722^339 

From half the log. of r^'+xo . • , . . ^' + 1033510.7220224 
Take log. of i/ *^*=3» 0.7226339 


■*p 


Remains log. fine of angle A .... 86^ 57' 45"= 9.^993885 

To and from half the log. r^ ....... */^r== 0.7220224 

Add and fubtradt the log. tang, of |^ angle A 43O 28' 52"== 9.9769646 


• » ^ 


rrif , - /. rSara»— 10 ........ = 0.6989870 

Thelog.of«=,}jjiff.+io «a7450J7« 

And *.* xss=z§t and 5.56 *. 

L— PROPOSITION XVII, and COROLLARIES. 

190. This Propofition (32) may be demonft rated jJ^'^^'^^^-^K* ^" manner 
following, viz. Suppofc jFss—y^r + ^r^q^t^nd t)s=:\^r — ^r*-g' ; then 
ea==y+« (Hyp.), and»>— sf+v* (Ax. XL)=Ey«+jy»v + 3jrv» + 
D* (Prop. V.)-=rjF» + $y V X y+v+v^=:c^^ +v^ +SyvX^{i^y^'); 

J - " ■ — — es I ■■ " ■■ ■■"■■■ 

but, fince jf=V'''+\/r*-y', and 9=s\/r — y^* — q^ (Hyp.), therefore 
^v=V''*+V''*-^*XrV*-^* ( Prop- IlI.)^ =E= Vr*->>r*>-^ »=v^g> 
=y (Prop, VL), and^»+«J===r+iC^7»^+r— v^7C^===:2r(Pr. 
I.) : Whence, by reftitution a» (==y» +v' +3j^vX»)===2r+3gs, and 
confequently s'— 3^2— 2r=rQ, according to the Propofition. 

In the equation of Corollary 11. viz. »'+3^K^*-2r=o (34), where 

»> / v'2r, and alfo «> / — ; and where r^i^r^ + j' isnegauve,bccaulc 

^r*+g'> r r, as is obvious : Therefore, in this equation 

V 

* See the firft of Dr Hallev's four Leisures on the Geometrical 
vconftrudtion of equations, puyifhed as an Appendix to Kersey's Algebra; 
and alfo Dodsoh's Repofitory, vol, i. pp. 115, xi9> 123* 
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Or the value of s k as in the other exprelRon of this Corollary, by one 
evolution of the cubic root. 

192. In the; equation of Corollary III. viz. %^ — jq » + 2'*=^o (35), 
or 3ga — z'=r2r; fince ^qr — »'r=2r, it is evident that » >j V^Sy • 
Suppofe therefore Zr==ri^q ; then by fubftitution, 2q\/q='2r, Nouj, as 2; 
is always lefs than v'sy* and mav be equal to j^q ; fo it may fall fhort of 
\/q by a quantity (x) lefs than ^q, and it itiay exceed ^q by a quantity 
(j), which when added to \/qf fhall give a fum lefs than v^j^ } and in both 
Qiefe cafes, the quantity zr is lefs than 2q^q (or r lefs than q^/g) : For, 


by fuppofing z:z=zyq+Si we have by fubftitution 2y v^y— ^3 />/q±j X J*=s 
2r, where it is evident that 2.q»^q > r 2r, or q^q >r r; and therefore, 
by equal involution, q^ >r r^, 

193. And of the general complete equation of Corollary IV. (36), the 
third and fpurth terms may evidently be reprefented as both affirmative or 
both negative, or as one affirmative and the other negative. 

*'— 3/**— SS'— 3/* X«? + 3i^?— /*— 2r==o* 
K.— PROPOSITION XX. and SCHOLIUM. (49, 50). 

194. This Prop; (49) for evolv i ngr a cubic binomial, may be demonftrated 
in manner following. SinceB+ -v/B^— Q^=r-4 B'^^BQj^4B*~Q^x 
V^^*'^^(Prop. V.) "^^Tb^— 3BQJb >/4p^^^B^^q=4B^3"^ 
+ >/i6B<^— 24B-^Q-|-gBHF— Q^ (Propofition III.)=4 B'— 3¥q, 
±^^4!^.'— 3BQI— 02 (Prop. VI.), and fince by fuppofition (SB'— 
6BQ=2R Of) 4B^— 3BQ^- =R, as alfo ^ R*^S=:t=Q or ;R»— S=±: 
Q^ ; therefore, by reftitution, B + v^B*^Q^ (===R + V^rTIPZS^^ 

195. And that «» + 2m«+4TO»— 3^=0, a^ in the Scholium (50), 
will appear direaly on performing the divifion according to Propofition 
IV.; it being confidered, that as z=:2ot (Propofition XVIL), fo Sm^ 
- — 6g'm-^2r=r=o. 

z — 2m)2;5— 3yfc — 2r(«*-|^fiK«4.4TO* — 3^ 
%^—2m%^ 

2lH%^ — 3^» • ' 

2WJS* — 4m* a 

\ 

4m*ss-^3^2; ^ 

4m*z — 8ot' 


— 3f«+8m^ 
— 3g'«4-6^m 


8m»— 6^«— ir (sss<i). 

196. 
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L.— PROPOSITION XXIII. (67). 

196. Sincebyfuppofition A + Bx+Cx* +D*' +8LC.=a+h:+cx* + 

ilx^ +Scc. therefore, bytranfpo{ition( 1 9) A — a + B — ^^X*+C — cXx^ + 

D Jxx^ +&c.=r-.o; ifnow(A — ^fl==oor)A=a,thenB — ^'Xx+C — c 

X x* +D — (IXx^ +&c.=o umverfally, or whatever may be the value of*. 

But the quantity B—bXx + C — cXx*+D— JX*' +&c. evidently va- 
pifiics not only when x itfelf vanillies, but alfo when the feveral coefficients 

U ^, C — Cy D — J, &c. vanifh : And thus, the fcries B.v+Cx* + Dx' + 

Sec, bx+cx^+dx^-i-SiC. being mutually convertible, or the fame, muft 
therefore cOakfce into one when B — b-^-o, C — c==:0, D— </_-..=o, &c. and 
thii fingle feries will always converge when x is a converging quantity. And 
th'ju^h, in the general equation of this Proportion, all the terms are repre- 
fented as affirmative, they may be any how affe(5ted with the figns of addi- 
tion and fubtradlion. 

M.— PROPOSITION XXIV. (70). 

197. Since m, n ate affirmative integers by fuppofltion ; therefore, by 

m TTt 

divifion (Prop. IV. and Corol.), ^_^ =^0 . +v s+v ^» 

X — y «-!+ 

(ff/), or continued to m terms (A), and in the fame way — ■_— ==x 

x" ^y + x^ ^y^ («); whence, fu|)pofing {x z=v ^y =z or)jc=: 

\^' y^^n . then, fince.;'^— ^ (=:V» ^ =t>'"""T» x«— 2(=: 

m ^"^ 

^ J ^^ ^ ' 6cc. (Propofition V. ) ; therefore, by fubftitutioo, 

/v"— y"__\ ^! ^-:=(^) '^ /» ^ If fi ^i' » «(«) 

I. — I m m 

\ x^y ^ v s-- 

n n 

(m m m m ^ m m ^ a-^ 
-^-- -=) ___!i « V-R^"" 

V — -as - «i, — z 

n n 


m 2m m . ' 3-^ ^^ t „\ and dividing both fides of this 

equation by v '^ { Ax. X. ) we have '^/^ ^" X -oHL^ i =s 

«ri r» • n 


V — » 


KOTES. 


H3 


^,„-^I^^«l-^i^_^>-3^2 ^^j 




(«) 




2 .^1 


T ■ ' ■ 


by dividing both numerator aud denq- 




. v 1 -y 


ttiinator by "^ ( Prop- IV. ) 5 and hence ji^ 


tn tfi 

n * 


V-*-Z 


. z , ^ 


z 

+- 




(m) 


iH — 


m — 

— . z 


»4 


V 


2m ^ — 

1; 




' N.— PROPOSITION XXV. (80). 


198. In the^r^ equation j^'"3fc=N, fuppofe as in the Propofition ^ to 
be a near approximation to the value of j; ; and the gtntv^l formula is 

N+/W— ixg NB +;;?~ ix A 

. Or 


'"^B" 


m— *•! 


mA"-' B 


O.— PROPOSITION XXVI. akd COROL. IV. (86, 90). 
199. Thefe feries, for the logarithms of j^,, and i +«, may fee de- 
rived in the moft fimple and obvious manner from the following obferva- 
t Ins, VIZ. (i.) In every fyftem df logarithmic numbers, the logarithm of 
"Z is nothina. ( 2. ) The fums and differences of any number of logarithmic 
«2 Wes arelh m/elves logarithmic quantities. ( 3. ) The produft P of any • 
Quantity A by a logarithmic quantity L, is always a loganthm.c quantity ; 
L lince A^ L=r-i> (Hyp.), the ratio . : A.-==L : P (Prop. V"- Cor. 
III.) ; and L being a logarithmic quantity by fa,rpolit.on. ,t is evident that 
Ih'Lkous quantity Pis of the fame kind (Def. IV. e. 5)- And hence. 
(1 ) Thi quantity A X L being always a logarithmic quantity, it may there- 
}otibe affled aJ. logarithmic of A ; wherefore, -'"i^-S Jf ^^T/ 
Abvdivifion (Prop. IV.),intoitsconftituent i^iTK,a±b+c±d^^±,>!cc. 
and fuppofing K, M, N, P, Qi,-&<=- to be logarithmic quanti._., giving 
K^, m, He, Vd, Q£, &c. logarithms of a, b, c, d, e &c. refpea.vely. we 
(hall have this general exprelfion in a feftes for defining the logarithm o^ 
any quantity A> viz. 


>44 
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200. And hence, Cafe I. To determine the feries for the logarithm of 


:, or for the meafure of the ratio 


n 


-n 


I. 


Here A (== -^j =!+»+«» +/i5 +n*+&c. (Prop. IV.)— 3fl+^ 
"}"^+^+^+'&c. by fuppofition ; whence, fince a=i, therefore 


(Obf. I.), and of confequence L, -^^=M«+N«* + P«' +Q«*+&c. 

T • 

or 2L, ^3^=2M«+2N«* + 2P/j^ -|-2Q«'*+ 8cc. But by the principles 


of logarithms, 2 L, =^h9' 


==L, 


I— 2« — n 


= (Prop, V. Cor. IL), 


therefore, in the feries for the L, -, if the quantity 2a-^«* be fubfti- 

1 " " fi 


tuted inftead of «, we fhall have L, 


'fi 


(s=MX2« — ^n*+NX2n-«** 


4-PX2» — n* +C^X X 2w— y/^ +&c.)r=.-2M X«+4 N— -M X «* + 

8P— 4Nx«* +i6Q^— 12IVI-N x«*i-&v:. by expanding the terms = 
2M X« + 2Nx«* + 2P X«^ + 2Qx.«*-f cvc. as above, and of confe-. 
quence (Prop. XXI II.) N==}M, P=.4M. Q_. |M, &:. (67) : Thus, 

^L, ■ zMn + Mn* f^\Mn^ +i^hi^ + Scc. and tlierefore L- = 

201. Cafe II. To determine the feries for the logaritlim of 1 +«, or for 
the meafure of the raiio i+n: i. 

Since the ratio propofed is i -|-» : i, its reciprocal or inverfe will be i : i 


+« (Prop. VII. Corol. I.) or 7-7-:: i ; therefore, fince 


I — «+«* 


i+n ' ' i+n 

— «' +n* &c. (Propofidon IV.) proceeding as in Cafe I. we fhall have 

)— 2MXH+pPI^X/i*— 8P— 4NX«^ + 


V^'i-f « 


:2L, 


1-f-n 


16(^12 P+NX4S&c.=—2Mx«+2Nx«*—2Px«'+2Qx«\ 
«5cc. and hence L, ■;-£—= — Mx« — |«*+yn'-^4*> &c. or L, i+n=si 

202. And as by the ftrics in Corollary IV. (90), tlie number 1 -j-« 
may be determined from its logarithm L being given, and that whatever 
ir.ay be the relation of magnitude or quantity between L the logarithm 
and M the modulus of the fyftem ; if, therefore, it be confidered that equa- 
lity, famenefs, or identity, is the mod fimple relation that may obtain be- 
tween the quantities L, M (Ax» I.), upon this fuppofition the ratio i-f-« 

' T T 

+ , &c. : 1=2.7182818459, &c. : I ; or the 


;i=2+4+T^+ 


^^^ 


2-3 2-3«4 


jratio I : i — «: 


2.3 ' 2.3.4 


— &;c. =1 : 0.3678^79441 1 7 jj 

&c. : 
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&c. : And either of thefe humeral ratios is that called by the learned Ma 
Cotes, the ratio modularts ; the modulus or module being always the mea,*- 
fure of this ratio in every logarithmic fyftem. 

P.— PliOP. XXVIII. COROL. IL ART. 122, 124, 125, and 126. 


203. The general fimple intereft equation /r+i Xf=s (122), where 
r is the intereft of L i. tor i year, called the ratio of the rate^ as being al- 
ways the 1 00th part of the rate per cent, per annum^ applies in every inftance 
of any fum of money paid after or before due. In the firft cafe ,p is the 
principal and s the amount thereof, and its intereft trp for tim^ / and ra- 
tio of rate r. In the fecond cafe, fuppofing /, s to change places, the equa- 
tion becomes /r-f- 1 X Sz=p : And here, s is the prefent ivorth or value of 
the principal p for time / and ratio of rate r ; or j is the principal which 
in time t and at ratio of rate r would amount to the fum or princip^al /. 
And as the ej^cefs of the amount above the principal is the intereft ; fo the 
excefs of the principal above the prefent worth is the rehaie or dtfcount. 

204. If, therefore, the intereft of any given principal for any given 
time and rate, exprefled in pounds and decimal places when there are places, 
be divided by the yearly amount of L i. for the fame rate, the quotient 
will be the rebate of faid principal for the given time and rate. And if the 
yearly intereft of any principal, at any rate per cent.y be divided by the yearly 
amount of L i. at the fame rate, the quotient will be the yearly rebate of 
faid principal. 

205. In the third and fourth lines of the table { 1 24), ihe values of r, t 
are wrong printed, and fhould have beea exprelTed in manner following, viz, 


J, 7, a 


J»r, fl 


/-I 
— a — s 

2 


/~s 


ar r a 2 r a 2 


9 

Z06. The mfethod of (rompudng dtcurately the intereft of any fum or 
principal for any ipumber of days not greater than (a year or) 365, as given 
m article 125, being ^^/i^j/ for any whatever rate of intereft, arid not con- 
fined or limited, as there ftated, to the rate of 5 per cent. ; the general cal- 
culation, therefore, of intereft for any time or number of days not greater 
than a year, and at any whatever rate per cerit. per annum^ may be perform- 
ed with great facility in manner following, viz.' 

207. Let the produ8 under the fum orprincipalj the number of days j and the 
double of the rate per cent, be advanced five places to the right ; multiply this • 
number by 3, advancing the produQ one place to the right : SubtraS the latter 
advanced produS from the former^- advancing the remainder one place to the 
right ; and the fum of the two advanced produds and advanced rer ainder^ di'^ 
mini/bed by itfelf when advanced four places to the right y will be the true inte- 
f^i in every cafe* 

TJbic 


146 


NOTES. 


208. The example for LiL'.riti.-j^ dhe general fimpJe intereft tible (126} 
bein^ qi.ite pervened i3%' :he Prir*:.^^ is hers ;;:v£n proptriy corrc^ed 25 foi- 
lowsy VIZ. Taking the former esum-^Jc (125). 

4259 :'f-XjX25'S=5426v:oi.:6 


Then 5CCG0 

4CCC 
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L 136 - 19 - 8> - 2,^y 

10 - 19 - 2 - 0.55 

o - io - II - 2.50 

o - 3 - 3 - 1.81 

o — o " S " S 




Tnteref! r:q*i:rrd, L 14'^ "" 13 •• 7 " 3-*5^ 
2C9. And ia ufing tnis gencril ub^e ( \zf>) to the greatcf*: adrmtage, 
fur^poiins two addition^ coLmns on the r:;:h.t hj^d as belo^- ; td: tee pro* 
dad of principal rate and time^ when divided by icc, berfpiv^d /'sfj rr rsw- 
fdfunt partly and the correfponding iaiercjij n^mtjrs^ t^ienfrcm tc€ tahlij and 
added to^iiherf will give in the fum totals the inter f/i require J, 

Two addiuonal colatnas to the geceral table (126), 


No. 

<i' 

N'o. 

Q.| 

I '2.63 i 

.05 

•13 

1 

•9 2-37 : 

.04- 

II 

.c8 

.8 

2.10 

•03 

•7 

1.84, 

.02 

.05 

.6 

1.58 
1.32 

.01 

.026 

•5 

.CX59 .004 

•4 

t.05 

008. 

.OQ2 

•3 

•75 

.007 

.018 

.2 

•53 

.006 

.015 

1 

.1 

.09 

.26 
.24 

.005, 

.013 

.004 

.OI2I 

.08 ' .21 

.003 

.CO9 




.07 

• 

.18 

.002 

.005 

.06 

.16 

.COT 

.003 


NOTES. 
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3 10. But the following, perjiaps, is the bed: general and pcrfeftly accu- 
rate method of computing the intereft of money for any number of days 
not greater than 365, at any whatever vztcper cent, per annuniy and equally 
csifw with the common method at the. rate of 5 per cent, only, viz. 

JDi'oidr'the produti •J the Jam or princ'tpaU the number of days^ and the 
double of the rate^ by 73000, and the quotient nvUl be the iraereji accurately in 
en}ery cafe. 

211. And hence, to determine the rebate or difcount at any rate of in- 
terelt, of any fum or principal paid any number of days not greater than 365 
before due ; divide the produ3 of the fum or principal^ the number of days y and 
the double of the rate, Zy 73000 increased by the produB of the number of days 
and double of the rate, and the quotient will be the rebate accurately in e^ery 
^afe. 

Q^— PROP. XXIX. COROL. XIII. XV. Art, 140, and 147. 

212. The Euci^iDEAN feries determining all perfect numbers, as 
given in Corollary XIII. (140) being quite perverted by the Printer^ is 
here reprinted accurately as follows, viz. 



1+2.2-1 

I+2'2*-I 


1 + 2. 2"^-! 

1+2.^* I 
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213. And the latter part of article 147, which (hould here come in af- 
ter the colon (:) in the 6th line, having been ^omitted by the Printer y is here 
added as containing an ufeful Theorem, in the following terms, viz. 

In the following tables, if N reprefent the tabular number correfpond- 
ing to any age, the value of the annuity, &c. a will be aKN (146) ; and 

fubtradling this from the perpetuity — (i45)> the \^\\xe oi xht reverfion 
of a fee-fimple eftate, &c. (a), after a fingle life of a given age will be had, 


yu. a X 


■N. 


FINIS, 


£ R R A T A. 

^ ' Article 1 68, line l| read in the Propofitioo. 

^ cd 

^ - — I, Note (*) read . "V 

^ , 171, — I, read Propqfition //. 

^ .—. 181, — laft, read^ow«. 

^ ■ 187, 2, read ot the TOOts. . 

^ — ^ 189, — — 1 9 read to determine the values of jr. 
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PREFACE. 


THIS SYNOPSIS^ firft drami up actording to Keil's 
edition of Comin)<ndine s Euclid, was afterwards 
changed, where necefTary, according to Dr Simfon's 
edition of the Elements, and is now publifhed with 
the addition of a very fimple demonftration of Pro- 
pofition VIIL from the learned Mr Playfair's Ele- 
ments of Geometry, for the ufe of Students, who too 
generally negledl the truly elegant demonftrations 
of Euclid, in this moft ufeful part of the Elements,, 
and thereby obftru(5l their improvement in the 
other branches of Mathematics j arid in Natural 
Philofophy, very confiderably. 


C i ) 


DEFINITIONS. 


DEFINITION I. 


Mathematicai. analysis is the fcienee of quantitv in general; 
iKrhcre by quantity is underftood whatever is meafurabie, or made up 
«f partSt 

. nEFINITION II. 

QuAKTtTr is diisided inta FROPSR-and improper* Th^t IsxaSi^A 
proper ^tMAlstf which can.tie.meafored by its own kindi and that. im/r^- 
p^ (fuaaitky idiich cannot be incaAiried by it8 own kiudy but to which a. 
meafure. may.be^ affiled by meada of iomt proper gfumtiij having conaeo 
tipn with it *. 

XffiFINITION III. 

In MAxtrcMATicaL AVALYsia all: qyantities are rqjrefentcd by alpha- 
lletical letters. And the algorithm or arithmetic of quantity admit* 
of the fame operations as that of numbers^ viz, addition^ lubtra^oni multU 
plipation, divifioni inyolutioni and eyoiution* 

DEFINITION IV. 

AoDtTioH'CoUefis or gathers together quantities into one yi/in oxaggre* 
gaie. And the operation of addition is denoted by interpofine between the ' 
i|\iaiitities to be added together thcjlgn of addition ( + plw). 

DEFINITION V. 

SuBTRACTion* determines the d^erence of quantities. The quantity 
lirom which the fubtradioo is made is called the mnuendf and that by which 
Ibbtradlion is made the fubtrahend or abiathe quantity. And the operation 
«f fubtradlion is denoted by interpofipg between the minuend ajid fubira^ 
{lend the^^ of futrtra^ion (<*<- minw)* 

PEFINmON VI. 

Mvi^TiRftiCATioit compounds or repeats one quantity as often as their 
arQ uWiTS 10 the fame, or any other quantity. The quantity ariiing by mui« 

a tiplication 

* Vii Pbilgfophical Tranfaaions, No/ 489, for year 1748. 


( ii ) 

tiplication is called a produB^ the quantities multiplied together being th?» 
faaors of the produft ; whereof one is termed the rmhipUer^ and the other 
the multipruand. And the operation oi multiplication is dendted by mter- 
pofing between the fadors the/^« of multiplication ( X into) ; or Cmply 
by the juxtapofition of the favors. 

DEFINITION VII. 

•• 

Division decompounds or refolvcs a product into its two fadors or ef^ 
ficient parts, one of them being always amgncd. The produft to be refolved 
by divifion is called the dividend; the h&ox by which divifion is made, the 
divUHr; and that arifmg by divifion, the quouent. And the operation of 
divifion is denoud by interpofing between the dividend and diviSar the/^z 
of 4ivifion ( -r iy) » ^^ ^Y V^^^^i ^^ dividend abeme a ftraigbt line, and 
the divifor under it ; the upper quantity or dividend being then termed the 
numerator^ and the lower quantity or divifor the denonu^uUor of the firaaion 
or quotient. 

COROLLARY L - 

► - I. 

A quotient, then, in reference to its divifor and dividend, is univerially 
the quantity, wliich, multiplied into the diyifor, produces the dividend 

(Def.VL). 

' ... 

COROLLARY IL 

A fradlional expreffion,- m referenee to Its denominator, or the produA 
of the denominator by any integral quantity, is the numerator of the frac-p , 
lion, or th^ produd of the numerator by the fame integral quantity*, 

DEFINITION VIIL 

Involution compounds or repeats one quantity continually^ as often as 
there are units in itfclf, and in all fubfequent products ; and thefe produfts 
are called powers, the generating quantity being the Rlddir of the fcale 
oxfirji power. And the operation of involution is denottdhj placing, at thl 
top of the root upon the right hand, a fmall numeral figure, expreffive of 
the niimber of repetitions of the radix at any place or term of the feries 5 
"vvhich numeral figure is emphatically called the index, .bx^.o^ent, or 
CHARACTERISTIC of the powcr, 

DEFINITION 

• * - • « 

* Thus, in reference to 4, 8, I2, 16, 20, 24, 28, &c. \ is i, 2, 3, 4, 
5, 6, 7, &c. and \, therefore, 3, 6, 9, 12, 15, i8, 21, fccr-andthe fime 
*-ath regard to any other frajftjon. ' ' . 

DEF1NITI0^{ 


( iii ) 

tiEFINITION IXi 

EVotiJTiON decompounds or refolvea powers into roots, which being 
the converfe of involution (Def. Vllf.), is therefore eflfefted by continud 
^iviHon. And the operation pf evplution is denoted in the Newtonian me- 
thod by giving to the quantity as an index uniti divided by the exponent of 
the particular power to be reiolved : Or the fame may be denoted in the 
tommoh way by placing over the quantity the radical sick hftviilg the 

m 
1 N DEX of the particular power prefixed thereto ( v' ) . 

COROLLARY. ' ' ; 

Since multiplication {Def. VI.) and divifioh (Def. VIL) are oftly rd- 
^eated addition (Def. IV.) and repeated fubtraiftion (Def. V.) ; and (inci; 
involution (Deft VIII.) and evolution (Def, IX.) are only repeated mul- 
tiplication and repeated divifion ; therefore addition and subtraction* 
are thcvtwo primary or fundamental operations in the algorithm of 
quantity (Def. III.) ; and of confequebce the signs of addition andfub- 
traction the two ca^aljigni in the analyiis of quantity {Dti. I.). 

J DEFINITION X. 

*^ SiiiptE QUANTITIES irc^thofe cxprefled by fingle fymbols. Com^oukd 
iO^ANTiTiEs are thofe ep^prefFed by different fyrabols> conneded together 
by the figns of addition and fubtraji^on : And in every Expreifion of com- 
pound quantities, the conhe<Aing^^ belongs to the quantity before which 
it is placed ; any quantity 1)eing confidered as affirmative or negative ac- 

* cording as it Is affedled with the fign of addition or fiibtradion : A 4uan- 

• tity without any fign being always aiErmative; 

DEFINITION XI; 

A NUMERAL FXGURjs> whether integral or fraftional, prefixed to any 

quantity, is called a coefficient or fellow-factor, as denoting how 

often the quantity is reckoned ; and the quantify itfelf, with its coefficient 

, pre^xed^ is called a multiple. A quantity with a fra<^ional coefficient, 

•fs Ibmeti'raes called sub multiple. And when no nuihbeir is ptefixed to- 

^any quantity, unitv is underflood ias the coefficient* 

COkOLLAftY r. 

iicnbc,- afiuming any quantity A ; fince A=zxA ([Dei. VI.) and 
I 

% Ax A=:i (Def. VII. Corol. L) ; that is, fince.A ^^ ^^ ^^^^ multiple 
. I . . . I 

«^ of unity as A is partner fubmultiple of unity, the qusUitities A» A, are ttim' 

a 2 fore 


( »▼ ] 

fore faid to be iwverse or REcirROCAt of one another. And hence, io 
the Newtonian notation of evolution (Def. IX. Yy the index or exponent 
of the root is the inverie or reciprocal of the wdeoL or exponent .of the 
power to be evoired* 

COROLLARY IL 

The coefficient of a fradion» if a whole number^ may be prefixed to 
the numerator of the firadtion, and if a fradional nnmber» the numerator 
of the coefficient maybe prefixed to the numerator of the fradiop, and 
the denominator of the coefficient to the denominator of the fradion. For 
a fraction being an expreifion of a qttotient (Def. VIL) to repeat a fradion 
according to the units in any number {Def. VI. )» is to muhiply the num« 
ber into the numeratory the denominator remaining the fame : And to take 
any part of a fradtion according to the units in any number, or to divider 
firadtion by a number, is to mukiply the number into the denominator, tbc 
numerator remaining the fame. 


.. DEFINITION XIL 

Similar or like otJAimTiEs are thofe exprefTed by the fame fymSol 
or fymbols equally repeated ; and dissimilar or unlike (^ANxiT^Et 
. are diofe expitfled by di&rent fymbols,.or,by the fiunefymbol^Mr. fymbolt^ 
differently repeated* 

DEFINITION XIIL 

A STRAiCRT LIRE drawn abore any compound qoantitf, and confbit* 

dating as it were the compound quantity into one mafs, is called a vincu* 
^UM. And by means of the vinculuw, the fums, differences^ produdv 
quotients^ powers, and roots of compound quantities, ^odauUd ia the lamer 
manner as thofe of fimple quantities. 

DEFINITION XIV. . 

The EQVALiTT of quantities perfectly equivalent to^one another^ Is A» 
noted by interpofing between the equivalent quantities the fign of equalij^ 
(r=) : and every expreilion of equivalent quantities denoted in this man* 
ner, is called an equation. And when there are different quantities cdn«^ 
neded together bytht^gns of addition and fobtradtion, on both fi(te$ of an^ 
equation, theie are called terms or members of the equatioiw 


DEFINITION XV. 

* 

The PRINCIPAL QUANTITY in an equation is that quaati^ wha^of thc» 
t^Lvt or VALUES depend upon, or flow from the valttcs ot all the other 


r 


( » ) 

quantities eombmed any how in th« terms of the ecfdation. This qtiantify ig 
dcnomin-ittd the root of the equation ; the tariable, the indetermi^ 
MATE, or the UNKNOWN quantity; and is always denoted or reprefented by 
iQXD» ane of the .final . )ieMx% jo^ the. alphabet* 

IDEFINITION XVi: 

Thom Olmmtities in an equation whereof the VjijLxy^^s depend noi 
upon the combination and arrangement of the terms, but continue alw^y^ 
,ih&fanuy let them be combined any how, are called hhtariabX'E, or o£«^ 
/Terminate, or known, or olvbn quantities; and theie are .always 4&« 
noted or reprefeniodby foflMB of th« iiuiuU letters of tjie alpk^b^ 

DEFINITION XVII. 

Reovctioii or aw equation brings die principal quantity (Def. XV.) 
to pofiefs one fide of the equation alone f and totally dif engaged from other 
quantities ; and the principal x^antitt is then betermi ned, as bein^ 
^expounded on the other fide of the equation by a quantity equivalent 
thereto, in confequence of that combination of the invar»able QVANTi- 
:tis$ (£)«f* .XVI.);firoBi which the equation .derived its ori^n. 


COROLLARY. 

Any qnantity in an eqnadon may be confidered as the priacipal quak« 
iriTY, and may be enunciated by reduction ; a value poflible and con*- 
.£{^ent in all reQ)e6ts being prevloufy fubftitut^d inft<s)4 of the frincipci 
fuantify wherever ifc.^pears in.the equation. 

DEFINITION XVIIL 

Ratio is a mutu^ relation of two magnitudes of the fame kind to one 
jmother in Ttfye€t of quantity : Or accor(£ng to Euclid in the Elements *f 

RArt'o is a certain mutual hahttude of two magnitudes cf the fame kindy ac* 
cording to guantttv •* That is, the mutual COmparifon of two homogeneous 
quantities according to magnitude or .quantity, is called ratio, and is de^^ 
noted by interpofing between the quantities two points placed vertically (:)k 
The quanuties compared together are called the terms of the ratio ; tho 
former quantity being denominatedthe antecedent ^ and the lattei' the confer 
quent : And the ratio is denominated a ratio of majority ^ or of greater in« 
equality, equality^ or of equal to equal, and minority or of lefs inequality^ 
accoi(£ng.as Uie. antecedent is gpeateri equals or lefs than the confequent. 

COROLLARY" 

• Book V. Defioition III. 


( « ) 


COROLLARY I. 

since any quantity is equal to unity repeated as oftctt as there are^il^l 
In faid quantity (Def. VI.), it therefore follows that any quantity may b^ 
cofifidered, and hence dwfii ^ a ratio having unity for a confe^uent : 
And becaufe any quantity may be confidered as^ umiy of its own kind, it; 
foUaws aUb that f ratio, undergoes no change of value, by taking in (lead 
of the terms of the ratio, any ec^imultiples, integral or fra^lional oi 
the fame (Def. XI.). Thus in the ratio m A : A^ confidering A as t» 
ih^n iif A as m (Def. XI.), and the ratio m A : A the famfe -^ith the ra- 
tio «: i i thus alfo, in the ratio m A : n A, confidering A as f^ then 
mh. as m^n A as n, and the ratio m A- : » A-the fame with the ratitt m : »r. 
And hence all ratios may be reduced to equivalent ratios having unity for 
a common confequent, by taking the general cxpreffions of the quotients 
of the antecedents by the confequents (Def. VII.) as the antecedent; 

COkbLLARYlL » 

Equal ratios okain between adjacent terms, ihd unequal RAtibi' 
feetweeh terms that are not adjacent in arty regular feries of powers (Def. 
VIII.) or roots (Def. IX.) ; and alfo in any fenes of ^quantities where all 
terms of the feries are equimultiples of immediately contiguous termsj 
reckoning from either extremity of the feries, and taking any quantity, in- 
tegral or fradtional, zs the Yhultiplier *» In the feries of integral terms 
increafing, or fradtional terms decreafing, the produ<a of two aflumed 
terms, in reference to the higher aflumed teml, is always a jTubrequent or 
higher term, and the quotient of the higher afTumed term, divided by tfle 
lower, a preceding or lower term. Whence, fince any term may be Confi- 
dered as a ratio, whereof the confequent is unity (Gbrol; I.), it is evident 
that thefe ratios are generated from a multiplication or divifion of their an- 
tecedents ; the former operation generating ^rftfTtfr, and the latter le/s ritios 
or terms; therefore, confidering every ratio as a quantity yiii^^iwrrw, the 
former operation in the arithmetic of ratios is call^l AtoDitiQM, and. the 
latter subtraction. ^^w^J ^ ^ «,, 

* 1 5 2, 4, 8, 1 6, 32, 64, 1^8, 156, kc. 
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* U 3» 9» 27, 81, 144, 739, 2187, 6591, &C, 
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' COROLLARY III. 

Between equal ^u^tities there can be no ratio, accurately ipeaking, 
The idea' of equality being that of famenefs or identity, and fo oppofed to 
the idea of compariibn, as implying that of diverfity. Hence a ratio of 
equality is bid to be \^thmgj or to have no meafure ; and converfely, of s^ 
s;^tiQ equal to nothings the. terms are ^^ual, Hence^ 

COROLLARY IV, 

AiTuming any quanuty an^'itfelf again, or .'which is the fame, afl^ing xwq 
equal quantities, and (toting the ratio in terms, let the confequenU remain in^ 
varlfibjy the fame. Then if the antecedent be fuppofed to increafe conti* 
nually^ or to flow upward through all degrees of magnitude, the feries wiljl 
comprehend all ratios of majority or greater inequality, and tb^fe increapng 
^onunually as the feries expands continually : but if th^ antf cedent be 
fuppofed to diminifh continu^ly, pr to flow downwards thrpugh all inferioi^ 
degrees of magnitude, the feries will comprehend /iZ^ ratios pf minority or 
kfs inequality^ and thefe increqfing continually ^s the feries expands down- 
l^ards continually. Thus the jaitjo of equality, .though properly 4>eaking 
irm ratio, is the common Rmit between ratios of majority and ratios of mino^ 
rity : a°d t^^.p^agmij^J^ of .^i^y ^P-^^ ^7 ^^ ^Aimated by its distance froixi 
Gie common limit of ratio of equality, a ratio being j^r^o/^r ik^fyrther i\ 
is removed from the ratio of equality: And frorti the different ivays by 
which all ratios of majority ^nd minority are derived, in the (eries ex- 
panded upwards and downwards indefinitely, it appears that thefe ratios 
are quite oppopte In kind^ or heterogeneous to one another, and fo incapably 
9f any inut\ul ^omparii^n as to magnitude- or quantity, 

COROLLAPif V. - ' • • 

Hence, in comparing together ratios as to equality and inequality, if 
equimultiples of both terms of the ratios, compared together by the al- 
ternate confequents or antecedents, give the fame ratio or equal ratios, the 
ratios compared together are equ^ (Corol. I.); and otherwife pnequal : 
And of unequal ratios, that univerfsul/'is the greater ratio which is mofl; 
remote or diuant from the ratio of equality (Corol. IV.)* 

Jlatios Equal 

3: 2C3:. 2=3x54: ^^^4=16?: JP87 g 

Ji : 54 l%i : 54=81 X 2 : 54X 2=:i62 : loS^ ^ • 2 — 01 • 5+ 

Ratios Equal 

5: 7r 5: 7= 5X115: 7Xii5=575:8o5l..«_„-. 16, 
. 115:161 |ii5:i6i=:ii^X 5:1^1 X 5=575-8g5|^*'' — »*5-^tji 


( ^ ) 

Hatios Unequal 

7:5 c 7 :5«a 7X9:5X9=63245? 7i^>rii:g 

XI : 9 ill : 9^tiX5 : 9X5=^5 : 45 5 4? « 47—55 :45--63 

Ratios Unequal 

^: 7C5: 7==5Xri: 7X ii==f5: 77l ' 5 2 7>rgr:n 
9:iii9i"=9X T;"X 7s=^J-77j 77 ^ 77*—<53 : 77--55 • 
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SCHOLIUM. 


This metfiod of comparfog together ratios of minority as to^ Inequality, 
or as greater or lefs, differs from that gircn by £ucup» VII Def. e. r. 
And froQ) this definition of EuctiD, as applied to ratios of minority, ie 
might be inferred, admitting, or liippofing negative quantities, that -^2 i? 

frcater than ^-»r8) for example, though in truth but the 9th part of the fkme; 
Euclid, it muft be obferved, connders 2 ratio of minority as greater tbe' 
nearer i^ts U3S and not the farther it is from, the ratio of equality ; it bein^ 
ipbvtoas that't) for example, ha« more magnitude ivhen compared with ;^ 
than it has when compared with 17 ; and that, therefore, the ratio 3 : J^ 
comfidered aUbaAly, is greater than the rano 3; : 17 r But, confidering the 
latios 3 : 59 3 • >7» 2s what they really are, namely, as ratios of minority, 
U>e ratio 3 : 5 is evidently a lefs ratio of mmorif^ than ibf^ mio 3^ : ^Ta 
imd accordipgly l^ a kfi hfarithwic m^occ. 


DEFINITION %l% 

• ... 

The XKEoyALiTY of quantities being either in ^xceft or defeat, is de^ 
poied accordingly, by interpofing between the unequal qi^Qtitics the nropef 
^gn of inequality (> r greater 0£ > / /j^)» 


DEFINITIONS. 


I 1"' -r '■ \J.MJLJ^ 


DEFINITION I. 

A kfs mignitiide is faid to be a part of a greslter iti&gtiitttdey Vfhtn the 
lefs meafures the greater; that is, when the lefs is co^itained a certain num- 
ber of times fcxa^ly in the greater^ 

Thus A is a part o£ mA, as being contained m times exa^ly in m Ay 
m being a whole number. 

DEFINITION 11. 

A greater magnitude is faid to be a multiple^ a Itffs, vrhen the greater 
is meafured by the lefs ; that is, when the greater contains the lefs a cer- 
tain number of times exa<5Hy. 

Thus 777 A is a multiple of A by m j becaufe m A codtaifis A m times 
exadlly, m being a whole number^ 


DEFINITION III. 


' \ 


Ratio is a certain mutual habitude, or comparifon of two magnitudes of 
the fame kind, as to quantity or 'magnitude. 


SCHOLIUM. 

. ji ratio is exfreffeJ hy interpqfing between the magnitudes compared together^ 
or the terms of the ratio j two points placed vertically ( : ) / the former term of 
the ratio being called the antecedent, and the latter the confequent. Thus^ the 
expreJUion A i B denotes the ratio of A to By or the abfolute relation as to mag* 
nitude of the antecedent A to the confequent j5, or of the confequent B to the 
antecedent Ay and that whether this relation be ciffignahle or not, 

' When the antecedent of a tatio exceeds the confequent^ the ratio is faid to be 
a ratio o/* greater inequality or o/" majority ; when the antecedent of a ratio is 
exceeded by the' confequent y the ratio is faid to be a ratio ©/"lefs inequality or of 
minority ; and when the antecedent of a ratio neither exceeds nor is exceeded by 
the confequenty the ratio is faid to he a ratio o/" equal to equal or <>/* equality. 


DEFINITION IV. 

Magnitudes are faid to have a ratio to one another^ when the lefs can 
be multiplied fo as to exceed the other. 

A 2 CO ROLL ART 


^ DEFINITIONS^ 


COROLLART I. 

As of two magmttkks tie lefi catmotf by any mu&iflUaiion firiaUver, t^cfjt 
ibe other i unlefi the magnitudei are of one and the fame kind^ or homogeneous ^ 
fof between heterogeneous magakudes there can he no ratio. 


COROLLARr 11. 

As of two magnitudes there can he no djflinffson of lefi or greater, unkfi the 
pusgnihtdes be unequal $ fo, between equal magnitudes there can be no ratio fro^ 
ferlvfo called: A ratio of equality, tk^efore, isfaidto be nothing, or equal to, 
nothing; and converfely, of a ratio equal to nothing, the terms ^re equal. 

DEFINITION V. 

'The firft of four magnitudes is faid to have the fame ratio to the fecond 
which the third has to the fourth, when any equimultiples whatfoerer of 
the firft and third being taken, ^nd any equimultiples whatfoever of the 
fecond and fourth; If the multiple of the firft be le& than that of the fe- 
cond, the multiple of the third is alio lefs than that pf the fourth ; or if 
the multiple of the firft be equal to that of the iecond, the multiple of tbe 
third is alfo equal to that of the fourth ; or if the multiple of the firft 
be greater than that of the fecond, the multiple of the third is alfo greater 
than that of the fi;>urth. 

Let A, B, C, D, be four magnitudes, and m, n, any whatever numbers^. 

A,B,C.D. ^}n^{l^ d}- = {:B 

Thus, of the four numbers 3, 2, 819 and 54, the ratio 3 : 2s=8i : 54^ 

Here 15 ^ r 14, and 405 > r 378 

3"?/; 18 2|^ 18 

%iy 486 54 j 9 486 

Here 3 X6«=s2 X9(=si8), and 81 x6.=54X (9=^=4^6) 

81 j\ . 64^1 54^4 7^6 

Here 24 > * 28, and 648 > s 756 
And the (arae will appear according to any multiplication whatever. "And 
thus alfo, of the four nuipbjrs 5, 7, \ 15, and 161, the ratio 5 : 6==i 15 \ 
j6i. 


DEFINITIONS. 


s 


1153 1150I ifi»5 

Here 50 > r 43, and 1 150 > r 966 

5l- 35| 7^- 

115 J' 805 I 1615^ 


42 
?66 


35 
805 


Jiere 5x7=7X5 (=35), and 15 X 7=161 X^CssSoj) 


84 
J932 


;. -t 


1153 * ^^50 1 161 J * 

Here 50 >/ 84, and 1150 >/ 1932 
And the fame will appear accprding to anv multiplication whaterer, 

SCHOLIUM. 

TTo cw^are togitheir as to equality ^ in the eafiefi timtmery numeral raitoi, on 
fatios exfreffed in numefol terttfs i Jet them he' reduced to equivalent ratios {n 
one and the fame feries^ by taking equimultiples of the terms of each ratio by the 
akemate confequents or antecedetUs : jind if the ratios thus reduced to^ or brought 
to be in one afid the fameferies^ be exprejfed by the fame terms^ the ratios com* 
tared together are equal to one another, , ' 

Jtatios. Jleduced to the feme feries. Equal. 

3: ?f 3:^==3X54: 2X54=162 : 108 1 g 

?i 2 54I81 : 54=8i X 2 ; 54X' 2=162 ; |o8 J^ * ^=*^^ * ^^ 

Jtatios. Reduced to the feme feries, EquaL 

5: 71 5: 7= 5:^115= 7XiiS=;=575:»os]..-^,,f.,6i 
l^i'l^i ^ii5:i6i=ii5X 5-i6i>^ 5=^=575:805 J ^•' ^' ^ 

DEFINITIONS VI, VIII, XIL 

Magnitudes which have the fame ratio arc called proportionals ; and the 
terms of two ratios are feid to compofe an fnalogy, which is ufualljr ck- 
preifed by faying, the firfl magnitude is to the fecond as the third is to the 
Jourth. And in an analogy the two antecedents are called homologous to one 
;m other, as alfo the two confequents ; but tl)e terms of tlie fame ratio are 
fjalled analogous to one anotheu 

DEFINITION VII. 

When of the equimultiples of four magnitudes (taken asinDef. V.) the 
inultiple of the firft is greater than that of the fecond, but the multiple of 
the third is not greater than the multiple of the fourth ; then the firft 15 
faid to Ixaye to the fecond a greater ratio than the fhird magnitude has to 
the fourth ; and, on the contrary, the tliir J is faid to have to the fourth 
.|efs r^tio than the firft has to the fecond. 


<; 


A7 B C 

c5* d['* 


DEFINITIONS- 



A : B, C : D 


Then 
f mA>riiB|A:B >rC:D 
\mQnct^rnD\ c:D>/A:B 


SCHOLIUM. 

In this definition for comparing together unequal ratios^ it is affumed by £ir^ 
CLiDy that It ratio of majority is greater the farther it is removed fronts and a 
ratio of minority greater the nearer it is to^ the ratio of equality : Thereforcy 
numeral rat ws% or ratios cxpreffcd in numeral terms ^ of the fame Itind^ and 
belonging to the fame feries^ may he compared together as to greater^ or lefsy by 
confidering only their diflances from the ratio of equality ; a ratio of majority 
being greater the farther it is removed from^ and a ratio of minority greater the 
nearer /'/ is mm o ved to, the ratio tf equality. 


i&c.5:9, 6:9, 7 : 9, 8 : 9, 9 ; 9, 10: 9, 11:9, 12 : 9, 13 19, &c. 

In thejejeriesy the ratios on the right hand of the Umlt or ratio of equality ^ 
mre ratios^ of majority regularly increafing, and thofe on the left hand ratios of 
minority regularly decreafing, according to Euclid. 

Whenyatios are not in the Jhme feriesy they may be reduced to one and the 
fame feriesy and compared together as alovcy by tah'tng equimultiples if the terms 
«f each ratio by the alternate conjequents or antecedents (Def V* Scholium )• 


Unequal ratios, 
7:5, 11:9 
7:5«= 7X9-*5X9=<53:45 

11:9=11X5:9X5=55^45 
jjnd \' 7 : 5 > r 1 1 : 9 

45 : 45- 55-45 ^3 • 45 J 


Unequal ratios. 
5:7,9:14 

5:7=*=5Xii: 7X11—55:77 
9 : 1 1=9 X 7 : n X 7=63 : 77 
jind\' ^ : 7 >J9 : II 

77-77' 63 : 77 ss : 77 


^nd in comparing together unequal ratios f according to this definition of Eu- 
clid , the multiples to be taken are the terms of the left ratio inverted, or any 
pumbers continually approximating to, and finally terminating in, thefe terms. 

Unequal ratios, 7 • 5» 11:9 


9)11(1 

9 

2)9(4 
8 

I. 4. 

;}x4 + i\. 

2 

I : I 
=4:5 

1)2(2 

2 

?}-+:}- 

=9:1 


II 


} 


63 5 
99 .9 


} 


II 


SS <Here6i>rsS 

99 \ And g<):=not > r 99 


And ••• 7 : 5 > r 1 1 : 9 


Unequal 


^ 


DEFINlflONS- 9 

Unequal ratios 9 7 : 5, n : 9 
71 . 28 5] 25 r/Zifr/? 28 >.r 25 

iij"** '44 9J 45 L-^»^44>J»<'^>r45 

-^/i J ••• 7 ; f > r 1 1 : 9 

* _ * 

. . Unequal ratios^ 9:11,5:7 

9U ^3 "1. SS \Here6^>rS$ 

5J ' 35 7J^ 35 L^</35==^o/>''35 
^</ •.•9:11 > r 5 : 7 *. 

DEFINITION IX- 

* Proportion or analogy cop fjfts of three terms at leaft, in which cafe the 
fame magnitude is a coniequent of one ratio, and an antecedent of the 
other ; and fuch ratios are called continued ratios ; or three fuch magni- 
tudes are called continued or continual proportionals. 


DEFINITION X, Xf. 

Whea three magnitudes are proportional, the firft is faid to have to. tlic 
third the duplicate ratio of that wMch it has to they^/ronr/;, and when four 
magnitudes are in continued proportion, the Jirjl is faid to have to die 
fourth the triplicate ratio ojf that which it has to the fecond ; aad fo on 
quadruplicate, &c. increafing the denomination dill hy unity, in any numl?er 
of proportion's. . . .,. 

That is, in any number^ of continued equal ratios ; the rado of ^the firfl: 
antecedent and laft confequent is muhipTtcate of the firfl ratio (or of any 
one of the equal latios), ^ the number denoting the n\^i)ber of equal ratios 
in the feides. : ' \ 

Suppofe the ratio A : B=B : C=C : D=D : E=E : F, &c- Then 
when A : Bs=B : C, the ratio A : C is faid to be to the duplicate of the 
ratio A : B., When A : B^^B : C^ssC : D, the ratio A : D is faid to be' 
triplicate of the ratio A : B. When A : B==B: C==C : D=:I? : E, the ratio 
A : E is £4d to be quadruplicate of the ratio A : B, When A : B^ssB : C 
=C : D=sD : £=sE : F, the ratio A : F is faid to be quintuplicate 06 
the ratio A : B, &c. &c. 

This definition is thr addition of continued equal ratios. 


DEFINITION A. 

When there are any number of magnitudes of the fame kind, the 
firil is faid to have to the laft of them the ratio compounded of the ratio 
which the firft has to the fecojad, and of the ratio wl^ch the fecond has to 
the thirds and of the ratio which the third has to the fourth ; and fb on 
unto the laft magnitude. 

For 
" ' ' ^ Fid. Analyjis, Def. XVIIL Coroh V. Scholium. 


8; liEFtNiTlONS. 

For example, if A, B, C, D, be four magnitudes of the lame klni^ 
the firfty Ay is fald to have to the lafl, D, the ratio compounded of the 
ira^o A to B, and of the ratio B to Cj and of the ratio C to D ; or, the 
ratio of A to D is faid to be conibounded of the ratios A to B, B to "C, 
and C to D. And if A has to 6 the fame ratio which E has to F, and 
B to C the lame ratio thU G has to H^ and C to D the fame ratio that 
K has to L ; then by this definition A is laid to have tb D the iatio com- 
pounded of ratios, which are the fame IVith tbe ratios of £ to F9 G to H, 
and K to L. And the fame thing is to be underftood when it is more 
briefly expreffed, by faying A has to D the ratio compounded of the ra- 
tios of E to F, G to H, and K to L. 

In like manner, the fame things being fuppofed, if M has to N the fame 
ratio which A has to D ; then, for ihortnefs' fake, M .is faid to have to N 
the ratio- compounded of the ratios of E to F, G to H, and K to L* 

ITbis definiuan is the addition ofcbtUlnued utwqual tatlds^ 


DEFINITION XIII, XIV, XV, XVI, XVII. 

When the middle terms of ah analogy change places, this is called o//^- 
nation or permutation. When the terms of a ratio change places, the ratio is 
faid to be in^ertcJ. And when the fum or difference of both ternis of a 
ratio is compared with either term» the comparifon is faid to be jointly 
or dbjointly : But when either term of a ratio is compared with the differ- 
ence of the terms, which ever is the greater, this comparifon is called con^' 
fferfion* 

Let there be any ratio, as A : B. 

The ratio A : B, taken by iriverfion, is B : A. 

The ratio A : B, taken jointly, is A+B : A or A+B : B. 

The ratio A : B, taken disjointly, is Aco B : A or Acq B : B, 

The ratio A : B, taken by converfion, is A : Acq B or B : Acq B* 

DEFlNlflON XVltl, XIX. 

When there is any number of magnitudes more thaii two in one feries, 
abd as many others in other feries, which are proportional when taken re- 
gularly two and two in each feries, from the firfl to dke lafl, that is, wheti 
die firft magnitude is to the fecond of the firft feries as the firft to the fe- 
cond of the other feries ; and as the fecond is to the third of the firft fe- 
ries, fo is the fecond to the third of the other feries ; and fo on in order 3 
Then are the magnitudes faid to be ordinately proportional, or in ordinate 
proportion. And when it. is inferred, that the nrft is to the laft of the firft 
feries of magnitudes as the firft to the laft of the others, this inference is 
£iid to be ex aequali^ or ex aequo^ from equality. 

7he inference in this definition is the addition of continued ratios^ 
Let there be a feries of magnitudes, A, B, C, D, £, F, ^c. and and- 
ther feries of magnit\)4€s, as a, b, c, d, c, f, S^c. 

And 


•L 


t, 


DEFINITIONS. • ^ 

And fuppofe the ratio A : Bsia : b 

B : C=:b : c 
C : D=c : d 
D : £s=sd : c 
E : F=e : f 
&c. &c. 
Then, by equality, tlie ratio A : F=a : f. 

DEFINITION XX. 

When there is any number of magnitudes more than two in one, and as 
fnany others in other feries, whichi are proportional when taken two and 
two in each feries in the following order, viz. When the firft magnitude is 
to the fecond of the firfl feries, as the lad but one is to tlie lad of the other 
feries ; and as the fecond is to the third of the firft feries, fo is the laft but 
two to the Tail but one of the other feries ; and as the third is to the fourth 
of the firft feries, fo is the third from the laft to the laft but two of the 
other' ftries ; and fo on in a crois order : Then are thofe magnitudes faid 
to be :i»9r^iii/z/r/y proportional* And when it is inferred that the firft is to 
the laft of the firft feries of magnitudes, as the firft to the laft of the others, 
thiL. ir.fcrence is (aid to be r^ aequaliy in propo^ione pertitrbatai feu inordiruUa^ 
fio ni equality, in perturbate or diforderly proportion. 

^he inference in this definition is the addition of continued ratios • 

Let there be a feries of magnitudes, A, B, C, D, E, F, &c. and ano^ 
|ber feries of magnitudes, a, b, c,.d, e, f, &c. 

And fuj^ofe the ratio A : B=:e : f 

B : C=d : e 
C : D=:c : d 
D : Earzib : c 
E : F=a : b 
^X^tn^ byperturbate equality, the ratio A : Fssra : f. 


AXIOMS, 

AXIOM I. 

EquimuMpIts of the fame, or of equal magnitudes, are equal to one an<< 
pther. 

AXIOM II. 

Tho& magnitudes of which the fame or equal magnitudes are equimuU 
tiples, are equal tQ one another. 

AXIOM III. 

A multiple of a greater magnitude is greater than the fame multiple of 
9k lefs, 

B AXIOM 


io AXIOMS, 


AXIOM IV. 



That magnitude of which a multipje is greater than the fame multiple o^ 
another, is greater than that other magnitude. 


f» A. 

A 

«nB 

B 

mC 

C 

mD 

D 

&c. 

&c. 


PROPOSITIONS. 

V 

PROPOSITION I—THEOREM. 

' If any number of magnitudes be equimtiltiples of as many, each of eaclu 
what multiple foever any one of them is of its part, the fame multiple fhalt 
all the firfl magnitudes be of all the other. 

m X A 

m X B 

m X C 

OT X D 

&:c. ■ . . , 

f72A+/nB+wC-f»iD,&c.=»iXA+B+C+D, &c. 

PROPOSITION IL— THEOREM. 

If the firft magnitude be the fame multiple of the fecond that the third 
is of the fourth, and the fifth the fame multiple of the fecond that the fixtl^ 
is of the fourth ; then (hall the firft together with the fifth be the fame 
multiple of the fecond, that the third together with the Cxth is of the 
fourth. 

mA, A, mBy B, »A , nB 

«2 A + « A=r OT + w X A 

tn B+« B=i»+« X B» 

CpROLLA|lY. 

From this it is plain, that If any number of magnitudes, m A, n A, p A, 
be multiples of another A, an^ as many m B, « 13,/> B, be the fame mul- 
tiples of B, each of each, the whole of the firft is the fame multiple of A 
tiiat the whole of the laft Is of B. 

wA, /iA,^A 

m B, « B, /> B 

mAr{-nA+pA=zm+H+pxA 
m B+« B+/> B=;=ri7/+fl4-/>xl^* 

PROPOSITION IIL-~THEOREM. 

If the firft {je the fame multiple of the fecond which the third is of the 
fourth ; and if of the firft and third there be taktn equimultiples^ theie 
ihall be equimultiples, the one of tht fecond, and the other of the fourth. 


PROPOSITIONS; 


tt 


w A, A, »i B, B 
h m A> nm B, 


, 7 « m A===n 
J « inB=si2 


mXA 

mxB; 


PROPOSITION IV.-^THEOREMi 

if the firft of four magnitudes have the fame ratio which the third has 
to the fourth ; then any equimultij)les whatever of the firft and third fliall 
have the fame ratio to any equimultiples of the fecctad and fourth) viz, the 
equimultiple of the firft Ihall have the fame ratio to that of the fecond which 
the equimultiple of the third has to that of the fourth. 
Suppofe A : B=:C : D ; then m A : « B==rwi C : « D. 
wiA") hBI /mXAI^«xB 

mCJ^ uDj^ ^mXC|(7/iXD. 

Since by Hypothefis A : B=C : D ••• Def. V. 
If/XwA >r==or >/ f X«B; then/XwC >rs=r:or > j jrXwB ; 
••' Converfe, Def. V. m A : « B==ir C : u D» 


COROLLARY. 

Likewife* if the firft has the fame ratio to tiie fecond which the third 
nas to 4:he fourtn ; then alfo any equimultiples whatever of the firft and 
third have the fame ratio to the fecond and fourth ; and, in like mariner, 
the firft and the third have the fame ratio to any equimultiples whatever 
of the fecond and fourth. 

Suppofe A : B=C : D ; then m A : B=ot C : D, 
And A s «B=:C :«D» 
A : B=C : D ; then m A : B=m C : D. 


wA 
m C 


V 


S^y.Def.V.|""if"';f^>i;^or>*jB 

D3 _ ,_^ 3 lhen/i7iC>r=or > J g^D 


Dti.\, mA: b=^C : D, 


A 
C 


A : B==C : D ; then A : « B=C : n D; 
•.• Def. V. A : « B=C : n D. 


PROPOSITION V,— theorem: 

I 

If one magnltucie be the fame multiple of another, which a magnitude 
taken from the firft is of a magnitude taken from the other, the remainder 
fliall be the fame mliltiple of the remainder that the whole is of the whole. 


w A 4*^ B 

m A 


m 


B 


A+B 
A 


•M. 


B 


mXA+B 
wX A 


w^XB 


or 


mA 
frtB 


B" 


LmA— wB 


A 
B 


A-B 


mXA 
mxB 


otXA-B 
PROPOSITION 


M PROPOSITIONS. 


PROPOSITION VI.— THEOREM. 

If two magnitades be equimultiples of two others, and if equimultiples 
of thefe be taken from the firfl two, the remainders are either equal to 
thefe others, or equimultiples of them. 


wA 
mB 


A I nA 

B nBr 


m A-^n Azs=fi2-ff X A I If «<^A3=c I, then ;?!-*« X 


m B-.» B=ri72-fi X B' ! And m-n X Br-=B. 
When m — ff=:i, if »f be even then h rauft be odd. 


PROPOSITION A^THEOREM- 

. If the firft of four magnitudes has to the fecond the fame ratio which 
the third has to the fourth ; then if the firft be greater than the fecond, the 
third is alfo greater than the fourth j and if equal, equal ; if kfs, le/s. 


A : B=C : D 

Al B7 mA 


'"^ vDef. V. 
mu 


t£m A > r=:or > j inB, then mC > r^=or > / w D ••• (dividing hymy^ 
if A > r=or > J B, then C > r=or > x D. 


PROPOSITION B.— THEOREM. 

If four magnitudes are proportionals, they are proportionals aHb when 
taken inverfely. 

Suppofc A : BssC : D ; then by inverfion, B : A -— p : C. 

7 « B > r=ot y> s m A t\ c \f -a a t> /* 

T> ^*r _.\^ ^ ••' Def. Vt B : Ac=D ; C. 


PROPOSITION C— THEOREM. 

If the firft be the fame multiple of the fecond, or the fame part of it that 
the third is of the fourth^ the firft is to the fecond as the third is to the 
fourth. 
Cafe I. A==^ B "1 Then 

C=r/Di A;B=CtD. 

^1^ BT^ wAl_fOT/B i«/B|«B 

If m> r=or > x«; then wB > r=or > x«B,and mD i> r=sor > J9&. 

A» 


t^ROPOSITIONS. 13 

As alfo«/B>r==or>jiiB|^^ m A>r=or >/ « B . , jj^f^ y^ 


A : B=C : D. 


And !«/ D > rsEcor ^^iiDf «C> r=s=or > x n D 

A : B=C : D. 

Cafe II. A=/B7,pj^^^^^g^(,.j)^ 

^B.=*:A1 1 B==^ A f ••• Cafe L B : A=:;=D : C ; and 

iD=C3 ^' ^^ 3 D=/C |inverfely,A:B=C:D(Prop.B.) 

PROPOSITION D— THEOREM. 

If the firft be to the fccond as the third to the fourth, and if the firft be 
a. muitiple or part of the fecond, the third is the fame multiple, or the 
fame part of the fourth. 


Cafe I. Suppofe A : B=:=sC : D, and that Asssib B ; then C=sdR D. 
For, take £=:A (aenn B) and ¥=m D. 
Since A : B=»C : D, and £a;cmB; as alfo ¥=mD (Hyp.) 
-.- A : E==C : F (Prop. IV. CoroL), but Ar^rrrE Hyp. ••• C=:F 
(Prop. A) ; that is, As=:fi»B, and •.* C=in D. 

Cafe II. Suppofe A : B==C D, and that A=«;J B ; then C=s^ D, 
Since A : B=C : D (Hyp.) ••• Inverfely, B 2 A — J) : C (Prop. B) ; 

but A:=4 B (Hyp.) or 11^ A=:B, and ••• (Cafe I.) D==nwC or 0=^ 
D ; that b, A=^ B, and -.* Cs=^ D. 

COROLLARY. 

In any analogy the Jir/i term has as much magnitttJe when compared with 
thefecond^ as the thirawhen compared nvith the fourth ; and^ therefore^ \fthe 
Jirft term he greater^ equals or lefs than thefecond^ the third term will be equally 
greater^ eqiuilf or greatly lefs than thefourtb. 


PROPOSITION VII.— THEOREM. 

Equal ma;gnitudes have the fame ratio to the fame magnitude, and the 
fame has the fame ratio to equal magnitudes; 


Cafe I. Suppofe A==iB, and that C is any other magnitude of the 
fame kind \ then A : C=:B : C. 

Al C7 A=;=B Irj 

If « A >r==s&r >j nC 7 A.J t\ r ir a r« tj r^ 

Then « B > r==9r > X » C J '^'^ ••• ^f- V- A : C=B : C. 


* t 


Cafe 


l4. PROPOSITIONS. 

Cafeir. C:A=C:B 
CI A7. A=B 7 Hyp. •.•If«C>r=or>xi«A 

CJ" Bi i»A=»iB3 Then iiC> r=or > X w B 

And confequently, Def. V. C : As=sC : B. 


PROPOSITION VIIL— THEOREM. 

Of unequal magnitudes the greater has a greater ratio to the fame than 
the lefs has, and the fame magnitude has a greater ratio to the iefs thaa 
it has to the greater. 

Hyp. }c an/third magnitude I Then i r ' B t r P ' A 
3 of the fame kind: J J^C.B>rC,A. 

Since A > r B (Hyp,), the difference of A, B is A — B. Then, if tlie 
magnitude which is not the greate'r of the two A— B, B be not /e/s than 

C, take 2 A — B, 2 B, the doubles of A — B, B ; but if that which is not 
the greater of the two A — B, B be lefs than C, it may be multiplied fo a^ to 
become greater than C, whether it be A — B or B. Let it be multiplied, 
therefore, until it become greater than C ; and let the other be multiplied 

as often. Let m A — B, m B, be thefe equimultiples, which are, therefore, 
each greater than'C : And in every one of the cafes, let ^r C be that multi* 

pie of C vj\{\QhfrJI becomes greater than m B and/ C (=<7 — i X C), the 
multiple of C which is next lefs than q C. 

Becaufe y C is the multiple of C, which is thtfrft that becomes > r m B ; 
the next preceding multiple/ C is no/ > r m B ; that is, w B is no/ > //C. 
And m.K — B, m B, being equimultiples of the magnitudes A — B, B ; the 

fum (jB A — B+I7Z Bs=) m A and m B, are the fame equimultiples of A 
B (Prop. I.), as is evident alfo by the notation. ^^ 

But it was (hown that wi B not > / / C, and m A — B > r C ••• the 

whole (m B + « A— B=) mA>r (/C+C==^+i x C=) ^q C 
/Hyp.) ; but as (hown, qO r m B, or m B not > r ey C. Thus : 

Def. VIL 
C > r B : C. 


p. j ; but as mown, qK^ i> rm jd, or in £> noc i 
A,C, B,C f^A>rgC J V 

bH cn 1 '"B°°t>''?C 1^ = ^ 

Alfo, C : B > r C : A. For having ftated the fame muluples, &c. as 
above, it may be (hown, in like manner, that y C > r iw B, and not ^rm A# 

C,B,C,A IgOrmB V v Def. VIL 

C 1^ ^{« fgCnot>r>«A 1C ; B>rC t A* 


Otherwife *. 


«9«««^ 


C 1^'*'° ic:A>rC:A+S. 

• 3Tr Plavfair's Geometry, Book V. f. 142. 


Take 


PROPOSITIONS. ^ 15 

Take m, n, multipliers, fuch that m A > r C, w B >rC , and n C tlie 
Jeaft multiple of C, exceeding m A+m B (=m X A + B). 

Hyp. fiC >r wA+OTBl r , .ri ^ 

.'.« — iG>/mA + wJDj 7 • 

Hyp. «C >rmA+'»^ , 1 rj^yp. mB>rC 

^,. (^C— C=)«^^.C>/»jA+»iB-cJ ' L •••«—! C>rwA^ 

T hus: . 

(m A+m B=) m.A + B > r «— i.C 

« A' (> s and) not > r n — ^i C 
'.' Def. VII. A + B; C> r A : C. 
Alfo, as « — I C > r m A 


wrr-i C (>/and) not>rmi^ + B 
%• Def. VII. C : A > r C ; A^. 

PROPOSITION IX. 

Magnitudes which have the fame ratio to the fame magnitude, are equal 
to one another ; and thofe to which the fame magnitude has the fame ra- 
tiO} are equal to one another. 

Hyp- [^;|^;5]ThenA=B. 

If A, B are not equal, they mud be unequal^ and one necfjfartly greater 
than the other, which fuppofe to be A. Then fince A > r B, and C a 
third magnitude of the fame kind : there ^re (Prop. VIII.) 7^*"^ equimul- 
tiples /7i A, »j B of A, B, and.fome «^multiple 9 C of C> luch that mA 
> r 5F C and w !P no/ > r y C, or y C > rm B and no$ > r m A. But, be- 
caufe A : C=B : C and C : B:=C : A (Hyp.) ••• Def. V. if m A >r 
q C, then mB ^r qC; orif^rC >r»iB, then ^C > r wi A ; but m B not 
P-r qCf and ^^C not >r iwA, which are impofHble^. Therefore, fihce 
the uippofed inequality of A, B involves an impaffib'tltty in both cafes, the 
magnitudes of A, B are not unequal, that is, they are equal. 

PROPOSITION X. 

That magnitude y/^hich has a greater ratio than another has unto the 
fame magnitude, is the greater of the two ; and that magnitude to which 
the fame lus a greater ratio than it has unto another magnitude, is the lefs 
of the two. 

Hyp- [c;B>;c;Alj^^"A>rB. 

Becaufe. A : C > r B : C, and C : jB > r C : A (Hyp.) : there are 
fome (Def. VII.) equimultiples « A, wB of A B, ^no. fome multiple qQ 
of C, fuch that m A > r ^ C and mBnot^rqC^ or 5^ C > rm B and nnl 
p> r m A. Therefore, fincc 77? A > r w B in both cafes, it is A > r B 
(Axiom IV.). \ 

^ PROPOSITION 


i6 PROPOSITIONS. 


PROPOSITION XL 

Ratios that are the fame to the fame ratio* are the fame to one ano- 
ther. 


Then A : B=:E : F. 




Thu3 : when m C > r=or > j n D . 

m A > r=> snB'] •.• Def. V. 
mE>r=>j« FJ A; B=E : F- 

CorollarV, 

Ratios that are the itune to the fame ratios, are the lame to one an^ 
then 

PROPOSITION XIL^THEOREM. 

If any number of magnitudes be proportionals, as one of the antecedents 
IS to its confequent, {o fhall all the antecedents tsSsxn together be to al] 
the confequents. 

J5yp, I A : B=saC : D=:E : F, &c.J Then A : B=A+C+E, &c, 

2 B+D+f , &c. 
A : B=C ;'D5±=sE : F, &c. (Hyp.) 
A 1 B 1 

C I D , 

E p F ^^ 

&c. J &c. 

And by Def. V. 
If m A > rsr=or > / n B 


Then m C > r=or > x n D 
9R £ > rs=or > X » F 


&c, 6ec* 

^i confequently, m A-f mC+m£&c. > rs=or > snB+n'D+n'PScc^ 

OrmxA+C+E&c.>r=or>j«xB+D+F&c. 

Therefore, by Def. V. 
A ; 13 («asC;D=E : F &c.)=3=:A+C+E&c. : B+D+F &c. 

PROPOSITION 


i»R0P0SlTI0N3i ti 


PROPOSITION XIIL— THEOREM; 

" If the firft has ta the fecond the fame ratio which the third has td the 
^urthy but the third has to th^ ifourth a greater ratio than the fifth has to 
the fixth ; the firil (hall alfo iiave to the fecond a greater ratio than the 
fifth has to the fixth. , 

Hyp. J^;jJ^e\?I then A : B > r E : F. 

Since C : D > r E : F (Hyp.), ther^ are (Def. VI L) fome equimuU 
tiples m C) m £, of C, E, Sind fame equimultiples of » D^ » F, of D> F, fuch 
that m C > r «D, and m'Enot^rnF* 


If m A > r==or > j n B 


Alfo, fince A : B=-C : D, Hyp. 1 ••• Def. V. 

Al Bl Wl'mA>r=c 

€5'" DJ** jThen«C>r=or>j«D. 

fey fuppofition, w C> m D 1 l^hus m A > m B 7 ••• Def. VIL 
•i.'I>t£.Wi. iwA^mBJ" fliE«<?/>r«F5 A: B>*-E :F. 

Corollary i. 

If the firft has a greater ratio to the fecond than the third has to the 
fourth, but the third hs^ the fame ratio to the fourth whieh the fifth has to 
the (ixth; it maybe demonftrated, in like mapner, that the firft has a 
greater ratio to the iecond than the fifth has to the fixth. 

^y^ {c ; D^Ie 1 ?! '^^^'^ ^'^ >r : E : F. 


COROLLARY II. 

If the firft has the fame ratio to the fecond which the third has to the 
fourth, but the third ha^ a lefs ratio to the fourth than the fifth has to the 
fixth ; then the firft has a lefs ratio to the fecond than the fifth has to the 
fixth. 


„_ fA:B=€:Dl 
^W' tC:D>iE:Fj 


Then A: B>jE : F. 


COROLLARY IIL 

. If the firft has a greater or lefe ratio to the fecond than die third has to 
the fourth, and the third has a greater or lefs ratio to the fourth than the 
fifth has to the fixth ; then the firft has a greater or lefs ratio to the fecond 
than the fifth has to the. fixth. 

ilyP- {c;5>;o">;i;?|Th-A:B>ror>,E:F. 

G PROPOSITION 


moiosmoNs. 


M!v-^"!5rr:c-s xrr.— theorem. 


1 


■'is. 


,L- V i::3« mm which the thitd liaS to ihe 
;tv .* ^W« the third, the fecond (hall bfc 
, .t.--*^ .-cttiJ t *bA if leh, kfs. 
, „1 lr'A>r=or|>,C 
* -^ j Ihen B > r =!oi > i D. 

^:t..V=C,H^ 1 ."l^t^/f '«"■ 
V:B.=C: D.Hyp. I p.J: '^ ^^ „ . 

\». A ! B=A i D. \ ^Rt -^h"^ 
. a n D,™ lY I ■-■D>rB,CaleL. 


-w^<>4V^J '■ 't^N XV.— THEOREM. 

'^^^^h. %v« -^ ^■"'•' >*tio to one mother vhich their eqatmidtiplet 

^ ^ i^, <* \ w B| isbdng any number. 

V ^ ^ ^. ■^^^ W »itemn^=m A, 
VV^ lf> > " to « terms=ni B. 
^ .\. A, B==B. 

s'V Kw-A:«.B(Prop.XII.). 

COROLLARY, 
^i^i^^j^j^tw tKf liiuf ratio to one anotbcr which their «^irubnii)Iti< 

«C;mD=;C:D(Prop.) 
llrA;B=^A: *B. 

SCHOUITM. 
tloHjili nil /iwn iy Evelid, it equalif v/efiil wifi lit JPn^ 

iSmON XVL— THEOREM. 

the fame kind be proportionals, tliejr flull alTo be 
ilurnsttely. 

Hyp. 



rilOPOSITiONS. 


i» 


A: 

A: 


Hjp, { A : B«=C : D | Akernattfy, A iCs=3 : D. 

ih IS}- 

A: m B, Prop. XV. \ C : D=s«C : iiD, Prop. XV.' 
: D, Hyp. ) •.• m A : mB=«C: nD, Prop. XL 

A ;/« B, Prop. XL J ••• IfinA> r=or> /«C 1 p^^ xiV. 

TheaffiB> r=:or> j/tD J 
And ••• Dcf. V. A : C=B : D. 


PROPOSITION XVII.— THEOREM, 

If magnitudes takco jointly be proportionals, they (hall alfo be propor** 
tionals when taken disjointly ; that is, if two magnitudes together nave to 
poe of then* the fame ratio which t^o others have to one of thefe, the re^ 
maining one of the firft two fhall have to the other the fame ratib whicl^ 
the remaining one of the laft two has to the other of thefe. 

Hyp. I A + B : B=-C+D ; D | DUjointiy, A ; B=C : D. 
A" 



B 
P 


m A-f»iB==«w X A+ B 
But A 4 B > r B 
%'iiiXA+B >r«B 


f 


I 


1" 


XC 

mD:ss:;f»XD 


mC+ mD=m xC+D 
ButC+D>rD 


. * 


V Def. V. 
If m. A -f- B > raessor > 
Then rniC-fD > r==or > 


mXC + D>rwD 
A+B ; B==C-f D : D, Hyp. 

Whence, takingm B from the for** 
mer, and mu from the latter, 

IfmA> 




> t n^m X B 
Then mC > r=Qr > / n— in X D* 


And %' Dcf. V. A : B=:C ; D, 


PIIOPOSITION XVIIL— THEOREM.^ 

If magnitudes taken disjointly be proportionals, they (hall alfo be pro- 
portionals when taken jointly ; that is, if the firfl be to the fecond as the 
third to the fourth, the firit and fecond together fhall be to the fecond 
as the third and fourth together to the fourth. 

^ Hyp. I A^P : B^^C— D ; P | Jointly, A : B=:=C : D, 




C^ 


fwA 


^40 PROPOSITIONS. 



mCs=«xC 

ttDr=i«XD 


«iA— mBssMXA — BJ L mC^mD 

-D : D, Hyp. 

%* D e£ V. -J Whence, adding m B to the former, an4 

If W.A— B>r-=ot>/iiBV m D to the latter, 

Theufli.C— D>n=or>/«DjIf «A >r===or >/ nt+^xB 

Then mC >r=0r >/ m-f iiXD 
And \' Def. V, A : B=«£ : D^ 

PROPOSITION XIX.— THEOREM. 

If a whole magnitude be to a whole as a magnitude taken from the firft 
is to a magnitude taken from the other, the remainder ihall be to the r^^ 
mainder as the whole to the whole. 

Hyp. A+B : C+D=B : D | Then A : C=»A+B : C-f D, 
Since A + B : C +D=:B : D, Hyp. 
-.- Alternately, A+B : B=C+D : D, Prop. XVI, 
Disjointly, A : B=C : D, Prop. XVII. 
Alternately, A : C=B : D, Prop. XVI. 

Hyp. A+B : C+D=B : D. 

%• A ; C=A+B : G+D, Prop. XL 

COROLLARY. 

If the whole be to tlie whole as a magnitude- taken from t|ie firft is to ^ 
magnitude taken from the other, the remainder like wife is to the remain* 
der as the magnitude taken from the Qrfl to that taken from the other. 

Hyp. I A+B : C+p=B : D I Then A : C=B : D, 
The fourth flep of the demonftration, 

PROPOSITION E— THEOREM. 

If four magnitudes be proportionals, they are alfo proportionals by con^ 
verlion ; th«it is, tlie firit is to its excefs above the fecond as the third to 
its excefs above the fourth. 

Hvp. 1 A+B : B==C+D : D j Converfely, A+B : A=C+D : C. 

Since A+B : B=C+D : D, Hyp. 
•.• Disjointly, A : B=C : D, Prop. 2^VII. 
Inverfely, B : A==D : C, Prop. B. 
Jointly, A+B : A=s=C+P : C, Prop. XVIII. 
* PROPOSITION 


i..^ -» . 


I^ROPOSITIONS. 


^l 


PROPOSITION XX.— THEOREM. 

If there be three magnitudes, and other three, which taken two and two 
otdinately (Def. XVIII, XIX.), have the fame ratio; if the firft be greater 
than the third, the fourth fhall be greater than the fixth; and if equal, equal ^ 
$ind if lefs, lefs. 


*T TA, B, C1A:B=D:E1 If A>r-=or>jC 
Hyp. |d^ 


e] f| B : G=E : F J Then D > r=or > x F- 


I. A>rC, Hyp. 

••• A : B > r C : B, Prop. VIII. 
But D : E=A : B, Hyp. 

••• D : E > r C : B, Prop. XIII.' 
And B : C=E : F, Hyp. ^ 

Or C : B=F : E, Prop. B. 
" •.•D:E>rF:E, Prop. XIII. Cor. 
And %• D > r F, Prop. 


II. A==C, Hyp. 
••• A : B— =C : B, Prop. VII. 
But A : B=D : E 1 „ . 
C : B=F : E,Prop. B. \ ^^' 1 
•.•D?E=F:E, Prop. XL I 
%' P==Fr Prop. IX. I 


III. A > J C, Hyp, 
vOrA 
C : B==:F : E, Cafe I. 
B : A=E : D, Hyp. Prop. B. 
5C,B,A7 fC:B==F:E 1 
1F,E, d| lB:A=E:Df 
vF>rD,CafeI. 
Orp^/F. 


PROPOSITION XXL— THEOREM. 

If there be three magnitudes, and other three, which taken two and two 
inordinately (Def. XX.), have the fame ratio; if the firfl magnitude be 
greater than the third, the fourth fhall be greater than the (ixth ; an4 if 
^ual, equal ; and if lefs, lefs. 

„^ /A, B,e\ /A:B==:E2F\IfA>r==or>jC 
"yP- \D,E,F; VB:C=D:EmenD>r==^r>jF. 


11. A=C; Hyp. 
vA:B==CiB,Prop.VIL 
But A : B=^E : F, Hyp. 
' C:B=:E:D,Hyp. Prop.B. 

•.•E:F=E:D,Prop.XL 
And-.-D=F,Prop.IX. 


I; A > r C, Hyp. 
•.• A : B > r C :. B, Prop. VIIL 
But E : F=A : B, Hyp. 

••• E ; F >r C : B, Prop. XIIL 
And B : Gs=sD : E, Hyp. 
Or C : B=E : D, Prop. B. 
%• E : F > r E : D, Prop. XIIL Cor. 
^nd ••• F > J D, Pfop. X, 
Or D p> r F, 


IJIi 


III. A > * C 
♦.• e > r A 

A, B, C\C : Bs=£ : D, Hyp. Prop. B. 
P, j; FM : A=F : E» Jiyp. Pr.^ B. 

OrD;>t4F. 


PROPOSITION X3CII.— THEOREM, 

If there be any number of magnitudes, and m nMn.y o^h<r^ w^ich takem 
two and two orSnatfhx have the (i(iqe c^oi^} ttieo, by equally (Def. XVIII^ 
}CIX. ]i, U>e ^^ (t>aU have to th^ laft of the firft iqs^aitKdies tiiQ &me Ciiuo 
which the firl( of the other} \m to tl)f t|^ 


^ 


„^, CA,B,C7A:B=.D:Ef Equa% 1 5A7 Bl CI 


/• 


fA:B==D:E7 „ .„ f«A:«B=mD:«E7 
«5T- |B:C=E:Fl--'^''*-*^'i«B:/C=^E:/F \ 
^\ «A,«B,/C 1 C «A:.8==«D:«E 

\ «1>, »E,|F ji H^ nB :jlQp=«E :>F. 

vProp.XX.J . ^ '^JvDef.V.^A:C=D:F. 

*^ |^Th«^ mD > r=or > */F j 7 

^yp. XI. I^g^ p^ ^j^ jj^ &c. j B : C=F : G f Equality. 

1 C : P»sGsif f A : Cb;;;^^ S H, 

(. ate. *e. 4 

^ a 

f A,B,ClA:B=E:F,Hyp.7 vOAl. CA:Ca»E:G 
1e,F,G) B:C=«F:Q.Hn^) A: C:,»=9 j0ic;D==G:H,Hyp, 

• • Cafe I 1 
A .'jx £ .*H I '^"^ ^^ ^» whatever be the numbex pf magnitudes. 

FROPOSITION XXIII— THEOREM, 

» 

If diere be any number of roagnitudesi and as many others^ which taken 
two and two inorJinaielvy have the fame ratio ; then» by perturberate equa- 
lity (Def. XX. ), the farft ihaJl have to the lail of the firft magnitudes the 
fame ratio which the firfl of t^e others has to the laft, 

TT T /A., B, C\ A : B=E : F/Perturberate equality* 


wtof'osri'iONS. t$ 

^? ?] Prop. XV.rA : Bi=±<»A : s»B\ v Prop. XI. 

B V« ^>n \E:F=«E:«F ;»«A:mB==*E:«F. 

Hyp. (b t C==D : E)^^\ f^^ . „£^ 

mD, »E, iiF/)«Br«C=mD:»EVriiettmD>r=a:or>jfiF/XXL 

••• Def- V. A X C===D : F. 

„ TT /A, B, C, D, &c.\ A ;.B=G : HI 

jnyp. 11. ^j,^ p^ ^^ j^^ ^^Jg . ^^p . ^ I perturberate equality. 

C:D==E:Fr A:D=x=cE:H. 

&C. &€• J 

/A,B,C\A:B===G:H, Hyp./ v Cafe 1. f^.t^f^n,C^fct. 
VF, G, H;B : C=F : G, Hyp. V A : C=F : n\C t D=E : F, Hyp. 

A . n K • H/^'*^ ^ ^°' whatever be the number of magoitudes. 

SCHOLIUM. 

From this Propo/iilon and Prop^thh XX ft As aljh frtin Prtpoftttm V- 
and Propqfitlon XX^ k follows direSly^ that ratios comptmnded of the fame mr 
of equal ratios ^ are the fame tuiih one anothST ; as particularly demonjlrated by 
Dr Simfon^ YH Prcprfi^tins F, C, H^ /, and KfoUo^iving Propofition XX P^^ 
which are nothing more thanjimpk inftf elites or corollaries from this Proportion 
and Propofition XXL 

PROPOSITION XXIV—THEOREM. 

If the firft has to the fecond the fative rktio i^hich the third has to the 
fourth, and the fifth to the fecond the fame ratio ^ich the fixth has to the 
fourth ; the firfl and fifth together Ihall have to the fecond the fame ratio 
which the third afid fixth togiether hate to the f6urth« 


„^ /A:B=±:C:DV Then 

^yP- VE : B=F : D/ A+E : B=aC+F : D. 

E : B=F : D, Hyp. r A : B=C : D, Hyp. 
••• B : E==:D : F, Prop: B. LB : E=D ; F, Hyp. Prop. B. 

%• EquaKty, Prop. XXII. n%- Jointly, Prop, XVlTl. 

A;E=rC:FjA+E:E=C+F:F. ^ 

Thus E : B=F : D, Hyp. ^ •.• Equality, Prop. XXII. 
And A+E ; E===:C+F ; F J A+E ; Bs=:C+F : D. 

COROLLARY 


PROPOSITIONS* 


COROLLARY L 

If the &nie hypothecs be made as in the PropoCtion) the exceis of the 
firfl and fifth Ihall be to the fecond as the excefs of the third and fixth to 
the fourth. 

That is, A coE : B=:C oaF : D. 

The demonflration of this is the fame with that of the Propofition, if 
terms be taken disjoiotly inflead of jointly. ^ 


COROLLARY IL 

The Propofition holds true of two ranks of magnitudes, whatever be 
their numbers, of which each of the firfl rank has to a fecond magnitude 
the fame ratio that the correfponding one of the fecond rank has to a fourth 
magnitude, as is manifefl. 


PROPOSITION XXV.— THEOREM. 

If four magnitudes are proportionals, the greatefl and lead of them to- 
gether are greater than the other two together. 

rG+H:K+L=H:L; T Then 

''^^' irnd V lSx^^^^^ 

Since G+H : K+L=H : L, Hyp. 
•.• G: K=G+H : K+L, Prop. XIX* 

But G+H >r K+L, Hyp. 
%• G > r K, Prop. A. 



And V G+H + L >r K + H+L, Ax. IV. e. i, 
That is, G + H+L > r K + L+H. 


Otherwife. 


fA:B=:C:P. 1 Then^ 

^' I A greateft, D leaft. j AHkD >r B + C. 


Since A : B=C : D, Hyp. 

••• A—C : B— D=A : B, Prop. XIX. CoroL 

But A > r B, Hyp. 
*.• A— C > r B— D, Prop. A. 
A nd C+ D =C+D 

••• A+D >r B+C, Ax. IV. e. x. 


PROPOSITIONS. 2j 


PROPOSITION F.— THEOREM. 

^ 

Ratios which are compounded of the fame ratios, are the fame with otfe 
another. 

„ 5A,B,CCA:B:==:D:E1 Then CA:B=E:F1 Then 
•"yP- iD,E,F iB:C=E:F J A:C=D:F 2.B:C=D:E J A:Cc=D:F. 

X Dc f. 

„ (A,B,CfA:B=D:ErvProp.XXILl A:C=A:B + B:C 
-"yP- (D,E,F1B:C=E:F [ A:C=D:F JD:F=D;E + ETF- 

X Def. 

xT^ CA,B,C1 A:B=E:FCvProp.XXIIL') CA:C=A:B+B<C 

-"yP-^D,E,FJB:C=D:El A:C=D:F J IDiF^EIF+dIE^ 

» 

PROPOSITION G.— THEOREM. 

if feveral ratios be the fame with feveral ratios, each to each, the ratiof 
Ivhich is compounded of ratios which are the fame with the firft ratios, 
each to each, i^ the faniie with the ratio compounded of ratios which are 
the fame with the other ratios, each to each. 

XT_ f A,B,C,D? K,L,M') A:B=E:F,C:D=G:H CE:F=N:0 
**yP- 1 E,F,G,H3 N,0,P f A:B=K:L,C:D=L:M ? G:H=0:P 

Then| K:M=N:P. I 

K, L, M r K : L(=A : B=E : F)=N : O, Hyp. 7 %• Prop^ ,XXIL 
N,0,P tL:M(=C:D=G:H)=0:P,Hyp.SK:M=N:P. 


fK:M=s=K;L + L;M,Def.X.=rrrA;B+g;Dr'l„ 
lN:P=N:0+0:P,Def.X.==E:F+G;H J ^* 


PROPOSITION H.— THEOREM. 

If a ratio compounded of feveral ratios be the fame with a ratio conl- 
pounded of any other ratios, and if one of the firft ra^tios, or a ratio com- 
pounded of any of the firft, be the- faftie with one of the la(f ratios, or with 
the ratio compounded of any of the laft, then the ratio compounded of the 
remaining ratios of the firft, or the remaining ratio of the firft, if but one 
remain, is the fame with the ratio compounded of thofe remaining of th& 
laft, or with the remaining ratio of the laft. 

TT.m fA,B,C,D,E,F7 A:F=G:M7 Then 

^yP- 'JG,H,K,L,M.5A:D=G:KiD:F=K:M. 

D 


^ 
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PROPOSITIONS, 


fA;F=Xrg+B;C+C;D + D:£ + £;F 
G:M=G:H+H;K+K:L+L^ 


}A: 


:M, Hyp. 


A: 
G 


•KZ^iltHS^''^'' ] ^=»=G:K,Hyp. |.D:A=K:G,Pr.B. 


D:F=^D;E + E;Fl 
^K:M=EL+I:^| 


f •.• Prop. XXII. 1 
I P:F=K:M J 


PROPOSITION K.— THEOREM. 

If there be any number of ratios, and any number of other ratios, fuch 
that the ratio compounded of ratios which are the fame with the firft ratios, 
each to each, is the fame with the ratjo compounded of ratios which are 
the fame, each to each, with the laft ratios ; and if one of the firft ratios, 
pr the ratio which is compounded of ratios which are the £ime with feveral 
of the firft ratios, each to each, be the fame with one of the laft ratios, or 
with the ratio compounded of ratios which are the fame, each to each, with 
feveral of the laft ratios ; then the ratio compounded of ratios which are 
the fame with the remaining ratios of the firft, each to each, or the remain- 
ing ratio of the firft, if but one remain, is the fame with the ratio com- 
pounded of ratios \vhich are the fame with thofe remaining pf the laft, each 
to each, or with the remaining ratio of the laft. 



h,k,l 


A:B; 

C:D; E,F 

\. 

G:H; K:L}' 

M:N; 0,P; Q , R 

S,T,V,X 

'>/'i 

m, «, Oyp 

Y, 21, dybi r, a. 


P:H,K:L,M:N.O;?>,Q-R j g: fc J^;i Slfe^i^, . 

0:P=*:r 

S : xsss^ : d 
A : B=i?:^(:=S;T) 

i&:/=-C:D+E:F 


Then 
1 h : l^=jn :f* 


»i:/=M:N+0:P+q:R 

Def. X. 


S:X=S:T+T:V+V:X=A:B + C:D+E:F, Hyp. 


j:^=j^:»+»:tf+^j:^+f:f+f:^/=G:H + K;L+M:N+0:P-hQiR,hyp. 

^:^=tf:/+y:^(=A:B=S:T,Hyp.)=G:H + K:L, Hyp. 
/&:/=)&:/&+i:/=C:D+E:F, Hyp. 


m:/=m:/i+«:o+(?:/=M:N+0:P4-C^R,Hyp.==^;^+^'^+^'^3^yP^ 
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//(=G:H)=^:a 7 •.• Prop. XXII. f A:B(==SjT)=«^, Hyp, 
J/f^(:=K:L;=:=iK:<j3 e:g=^ia 1 •.- S:T==)f:a, Prop. XI. 

-tr A:it(=CtD)=T;V 1 v Prop. XXII. f T:S=a:jr, Prop. B. 

""yP'|i:/(=E:F)=V:Xf A:/=T:X 4 S:X =r=j-:rf, Hyp. 

j _ _ _ (.vT:X=a:</,Pr.XXII, 

Vin:/{==«;*+*:*+f:</)=safl:</,Prop.XXII. 


? I N I S, 


L 


